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Many experiments demonstrate that isotropic ductile materials used in
engineering applications develop anisotropic damage and shows significant variation in
elongation to failure. This anisotropic damage is manifest by material microstructural
heterogeneities and morphological changes during deformation. The variation in
elongation to the failure could be attributed to the uncertainties in the material
microstructure and loading conditions. To study this deformation induced anisotropy
arising from the initial material heterogeneities, we first performed uncertainty analysis
using current form on an internal state variable plasticity and isotropic damage model
(Bammann, 1984; Horstemeyer, 2001) to quantify the effect due to variations in material
microstructure and loading conditions on elongation to failure. We extend the current
isotropic damage form of theory into an anisotropic damage form for ductile material in
which material heterogeneities are introduced based on damage distribution functions

converted into a damage tensor of second rank. The outcome of this research is a
physically motivated, uncertainty-based, anisotropic damage constitutive model that links
microstructural features to mechanical properties. This was accomplished by pursuing
three sub goals: (1) develop and quantify uncertainty related to material heterogeneities,
(2) develop a methodology related to a higher order tensorial rank of damage for void
nucleation and void growth, and (3) integrate thermodynamically constrained damage
with a rate dependent plasticity constitutive material model. Later, we also proposed a
new ISV theory that physically and strongly couples deformation due to damage-related
internal defects to metal plasticity
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CHAPTER I
INTRODUCTION
This dissertation examines the effect of material heterogeneity arising from
material processing permanent deformation related to damage-induced anisotropy and
uncertainties in the elongation to failure. This deformation induced anisotropy of initially
isotropic polycrystalline materials is manifested as material heterogeneities and
morphological changes. The variation in elongation to failure could be attributed to the
uncertainties in the material microstructure and loading conditions. To study this
deformation induced anisotropy arising from the initial material heterogeneities, we first
performed uncertainty analysis using current form on an internal state variable plasticity
and isotropic damage model (Bammann, 1984; Horstemeyer, 2001) to quantify the effect
due to variations in material microstructure and loading conditions on elongation to
failure. We extend the current isotropic damage theory into an anisotropic damage form
for ductile material in which material heterogeneities are introduced based on damage
distribution functions converted into a damage tensor of second rank. The outcome of this
research is a physically motivated, uncertainty-based, anisotropic damage constitutive
model that links microstructural features to mechanical properties. This was
accomplished by pursuing three sub goals: (1) develop and quantify uncertainty related to
material heterogeneities, (2) develop a methodology related to a higher order tensorial
1

rank of damage for void nucleation and void growth, and (3) integrate
thermodynamically constrained damage with a rate dependent plasticity constitutive
material model. Later, we also proposed a new ISV theory that physically and strongly
couples deformation due to damage-related internal defects to metal plasticity.
1.1

Dissertation Structure
Chapter II presents a methodology to include uncertainty into an internal state

variable plasticity-damage model that is implemented in a finite element code. The
physically motivated continuum model characterizes damage evolution by incorporating
material uncertainty due to microstructural spatial clustering. The uncertainty analysis is
performed by introducing material variation through model validation and verification.
The effect of variability in microstructural clustering and boundary conditions on the
uncertainty of the plasticity-damage evolution for 7075 aluminum alloy is characterized.
A validation and verification methodology is provided to examine the degree of material
variation. One of the goals of this study was to quantify uncertainty associated with
elongation to failure under different stress states due to variations in material
microstructure and loading conditions.
Chapter III presents a coupled anisotropic damage and plasticity model
formulated for modeling finite deformation in polycrystalline metals. Ductile damage is
induced by the classical process of nucleation of voids at inclusions, followed by their
growth, and coalescence. The methodology is developed for ductile materials in which
material heterogeneities are introduced based on damage distribution functions converted
into a second rank damage tensor. The void-crack nucleation function is a scalar form
2

that includes parameters (particle aspect ratio, and particle size with its orientation)
representing decohesion at the particle-matrix interface and the fragmentation of second
phase particles. The void growth function that describes growth from second phase
particles is a second rank tensor governed by the plastic strain rate, stress state, and
material length scale parameters (size and aspect ratio with its orientation).
Chapter IV presents a new kinematic formulation for polycrystalline finite-strain
elastic-plastic material coupled with damage using an extended multiplicative
decomposition of the deformation gradient that accounts for temperature effects. The
prescribed kinematics captures precisely the damage deformation (of any rank) and does
not require introducing a fictitious undamaged configuration or mechanical equivalent of
the real damaged configuration as used in the past.
Chapter V summarizes the work performed in this research. Recommendations
for future research are also presented.

3

1.2

Reference

Bammann, D.J., (1984), “An Internal Variable Model of Viscoplasticity,” eds. Aifantis,
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National Laboratories, Sand2000-8662, March 2001.
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CHAPTER II
CALIBRATION, VALIDATION, AND VERIFICATION
INCLUDING UNCERTAINTY OF A PHYSICALLY
MOTIVATED INTERNAL STATE VARIABLE
PLASTICITY AND DAMAGE MODEL
2.1

Abstract
In this chapter, we include uncertainty into an internal state variable plasticity-

damage model that is implemented in a finite element code. The physically motivated
continuum model characterizes damage evolution by incorporating material
uncertainty due to microstructural spatial clustering. The uncertainty analysis is
performed by introducing material variation through model validation and
verification. The effect of variability in microstructural clustering and boundary
conditions on the uncertainty of the plasticity-damage evolution for 7075 aluminum
alloy is characterized. A validation and verification methodology is provided to
examine the degree of material variation. The results show the potential of this
methodology in the evaluation of material response uncertainty due to microstructure
spatial clustering and its effect on damage evolution. For damage evolution, we have
shown that the initial isotropic damage (symmetric) evolved into an anisotropic form
(asymmetric) as applied strain is increased which is consistence with experimentally
observed behavior for 7075 aluminum alloy in literature. Also the sensitivities were
5

found to be consistence with the physics of the damage progression for this particular
type of material. At the very beginning, the initial defect size and number density of
cracked particles are important. As the damage evolves, more voids are nucleated,
and grow. Then, voids combine with each other and coalescence becomes the main
driver. It also shows that the damage evolution equations provide an accurate
representation of the damage progression due to large intermetallic particles. Finally,
we showed that the initial variation in the microstructure clustering lead to about
±7.0%, ±8.1%, and ±9.75% variation in the elongation to failure strain for torsion,
tensile, and compressive loading respectively.

Keywords: Uncertainty; Damage; Internal State Variable; Model Verification and
Validation;
2.2

Introduction
Understanding the effect of material microstructural heterogeneities and the

associated mechanical property uncertainties in the design phase is pivotal not only in
terms of successful development of reliable, safe, and economical systems but also
for the development of a new generation of lightweight designs (Olson, 1997).
Engineering systems contain different kinds of uncertainties found in material and
component structures, computational models, input variables, and constraints
(McDowell, 2005). Potential sources of uncertainty in a system include human errors,
manufacturing or processing variations, operating condition variations, inaccurate or
insufficient data, assumptions and idealizations, and lack of knowledge (Coleman and
6

Steele, 1999). Since engineering materials are complex, hierarchical, heterogeneous
systems, adopting a deterministic approach to materials design may be limiting. First,
microstructure is inherently random at different scales (McDowell et al., 2007).
Second, parameters of a given model are subject to variations associated with
variations of material microstructure from specimen to specimen (Horstemeyer et al.,
2005). Furthermore, uncertainty should be associated with model-based predictions
for several reasons. Models inevitably incorporate assumptions and approximations
that impact the precision and accuracy of predictions (Subbarayan and Raj, 1999).
Uncertainty may increase when a model is used near the limits of its intended domain
of applicability and when information propagates through a series of models. Also, to
facilitate exploration of a broad design space, approximate or surrogate models may
be utilized, but fidelity may be sacrificed for computational efficiency. Experimental
data for conditioning or validating approximate (or detailed) models may be sparse
and may be affected by measurement errors. Also, uncertainty can be associated with
the structural member tolerance differences and morphologies of realized material
microstructure due to variations in processing history. Often, it is expensive or
impossible to remove and measure these sources of variability, but their impact on
model predictions and final system performance can be profound. As suggested by
Horstemeyer et al. (2005), a small variability (~1%) in the microstructure can result
in a very large (~13%) variation in the failure stress.
For designing reliable and robust engineering systems, designers seek
materials with optimal values of properties such as strength and toughness. To
achieve such a material, appropriate models should relate deformation to the key
7

microstructures such as particle size, interfacial strength, and spacing (Horstemeyer et
al., 2000a). In addition, models can account for the uncertainty of material properties
and microstructural characteristics (Horstemeyer et al., 2005). With the help of such
microstructure-property relationship constitutive models, it is possible to relate the
mechanical properties of interest, such as stress, strain, and toughness, to key
microstructures such as particle size and spacing, interfacial strength, and grain size.
One of the effective methods to capture the microstructure-property
relationships is the use of continuum damage mechanics (CDM). CDM begins with
the introduction of a scalar damage variable (Kachanov, 1958) which represents a
strength decrease. The idea to describe material degradation with damage variables of
different order has led to the appearance of many mathematical formulations for these
variables. We briefly mention here only some of the damage models with scalar
variables (e.g. Kachanov, 1958; Lemaitre, 1985; Bhattacharya and Ellingwood,
1998), second order tensors (e.g. Betten, 1986; Chow and Chen, 1992; Chaboche,
1993; Halm and Dragon, 1998; Hayakawa et al., 1998), fourth order tensors (e.g.
Ortiz, 1985; Yazdani and Schreyer, 1988; Carol et al., 1994; Carol and Bazant, 1997;
Tikhomirov et al. 2001), and higher order tensors (Krajcinovic and Mastilovic, 1995;
Cauvin and Testa, 1999; Lubarda and Krajcinovic, 1993; Kanatani, 1984). Damage
variables recently got wide applications in numerical modeling of brittle fracture of
engineering materials. A good review on some of these models with numerous
references can be found in Krajcinovic (1996).
Internal state variable (ISV) based theory is often employed to solve
engineering problems by linking lower length scale information (Coleman and
8

Gurtin, 1967; Rice, 1971; Horstemeyer et al., 1999, 2000a,b, 2001; and Bammann et
al., 1990, 1993), which are formulated at the macroscale level. The ISVs reflect the
lower spatial size scale microstructural rearrangements so that history effects can be
modeled. Onat et al. (1988) demonstrated that tensorial ISVs constitute a natural tool
for the representation of internal structure and its orientation. ISVs also provide a
convenient measure of the degree of anisotropy present in the material. Studies have
shown that representations based on the notion of state and on the differential
equations that govern the evolution of state have definite advantages over other
methods of representation (i.e. integral representation). Some examples of the
application of ISVs in metals are hysteresis due to plastic deformation or phase
transition and fatigue and fracture (McDowell, 2005). McDowell also noted that some
of these processes occur so slowly and so near equilibrium that common models
forego description of nonequilibrium aspects of dissipation (e.g. grain growth). The
ISVs constitutive theory offers an in-depth basis for incorporating irreversible, path
dependent behavior that can be informed by experiments, computational materials
science and micromechanics (McDowell, 2005). One pure advantage of an ISV
model is the ability to alleviate boundary conditions when instituting the model in a
finite element (FE) environment. This asset is due to the model’s ability to predict
path history dependence and complex boundary value problems.
In a recent investigation, one of the authors’ applied a structure-property
analysis based on the internal state variable formulation to an automotive component
made of A356 cast aluminum alloy in which a hierarchical multiscale modeling
methodology was developed (Horstemeyer and Revelli, 1996; Horstemeyer and
9

Gokhale, 1999; Horstemeyer and Wang, 2003; Horstemeyer et al., 2000a,b, 2001,
2003a,b). Through microstructure-property relationship modeling, they were able to
correctly predict the material failure mode of the component under multiple static
load cases; in contrast, failure predictions that were based solely on stress field or
inclusion analysis using optical imaging did not agree with the results of physical
experiments. In the subsequent redesign guided by microstructure-property
relationship material modeling, the component’s fatigue performance was improved
by more than two fold while its weight was reduced by as much as 25%. For a
summary of recent progress in microstructure-property relationship material modeling
and simulations, the reader is referred to Horstemeyer (2001); Horstemeyer et al.
(2003b); Graham-Brady et al. (2006).
Most of the structural materials used for component design exhibit material
property variations which could be linked to microstructural details. These
microstructural variations are a resultant of material processing such as rolling or
extrusion undergoing extensive plastic deformation. During material processing,
cavities and second phase particles are elongated (aspect ratio distributions) and
oriented (distribution), in such a way that the larger axis tends to align itself along the
maximum principal load direction. This inclusion distribution has been shown to
subsequently generate variations in structural responses and strongly influence the
ductile fracture of structural steels, where macroscopic compliances evolve
differently in orthogonal directions (Garrison and Moody, 1987; Tirosh et al., 1999;
Gray et al., 2000). This orientation distribution dependent ductility leads to variability
in the damage evolution in quasistatic fracture response (Tvergaard and Needleman,
10

1984) and ballistic impact resistance. The void nucleation and void growth evolutions
can also depend upon the initial grain boundary misorientation distribution and grain
morphology (Clayton and McDowell, 2004).
The rational and motivation of this study is to understand the effect of
material internal heterogeneity and boundary conditions on localized damage and its
progression mechanism. The failure mechanism studied in this chapter is a result of
void-nucleation, growth and coalescences, which are modeled using an physically
based internal state variable form of microstructure-property model, which was
initially developed for plasticity by Bammann et al. (1993) and later modified to
incorporate damage due to void-nucleation, growth and coalescences by Horstemeyer
et al. (1999, 2000). The overall procedure to study the effect of material
microstructural variability and boundary conditions on the material response and
failure mechanism can be outlined as depicted in Figure 2.1. First, the experimental
uncertainties due to both systematic and bias are calculated along with uncertainties
in the microstructure features in the model. Then, the microstructure features with
their variability, the experimental stress-strain curves with their variability and the
model calibrating routine is used to calibrate material parameters along with their
variability. The calibrating routine used here is a material point simulator. Finally, a
user material subroutine is developed, implemented, and used to predict material
mechanical responses and material failure mechanisms along with their respective
uncertainties. One of the most important contributions the authors believe is to show
how internal microstructural clustering affects strain to failure.
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Microstructure Detail
Output: Material
parameters

Model Calibration
Routine

ISV Plasticity and
Damage Model
Output:
Stress or
Strain

Output: Stress‐
Strain
Experimental Data
(Force, Strain, Specimen
size, Experimental
Uncertainties)

Figure 2.1

2.3

Loading
Condition

Procedure for studying the effect of material microstructure variability
and loading conditions on material response and their failure
mechanisms.

Microstructure-Property Relationships
Performance and failure of metallic components under static or dynamic loads

are strongly influenced by the microstructural features (e.g., voids, cracks, and
inclusion particles) of the material. These features depend on the type of material, the
process by which it is transformed into a product, and the environment in which the
product is used. Traditional design techniques that rely on factors of safety and stress
failure criteria (e.g., von-Mises, Tresca) do not always result in a safe design. This
inadequate design can arise, because material microstructures and the loading history
can affect the response characteristics of the component and cause its premature
failure.
The microstructure-property relationship modeling framework used for our
work is based on that of Bammann et al. (1984, 1987, 1989, 1990, 1993, 1995, 1996).
The constitutive model used here contains physically motivated internal state
variables to account for the motion of dislocations and the evolution of dislocation
structures. The framework also accounts for stress-state-dependent damage evolution.
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The pertinent equations in this model are denoted by the rate of change of the
observable and internal state variables. In this chapter, however we only briefly
discuss their relation to the uncertainty analysis. For more details about the equations,
the reader can refer to Horstemeyer et al. (1999, 2000, 2001). The equations used
within the context of the finite element method are the rate of change of the
observable and internal state variables given by

( )

o
⎛ φ& ⎞
σ = λ (1− φ )tr D e I + 2μ (1− φ )D e − ⎜⎜
⎟⎟σ
⎝ 1− φ ⎠

(2.1)

where σ and σ are the Cauchy stress and the co-rotational rate of the Cauchy stress,
o

respectively; φ is an ISV that represents the damage state with φ& representing its
material time derivative; λ and μ are the elastic Lame constants;

D

e

is the elastic

deformation tensor; and I is the second-order identity tensor. The underscore symbol
indicates a second rank tensor. The plastic deformation tensor or inelastic flow
rule, D p , is given by the relationship

σ '− α − [R +Y (T )](1− φ )⎫⎪⎪ σ '− α
⎬
⎪
⎪
V (T )(1− φ )
⎪⎩
⎪⎭ σ '− α

⎧

D p = f ⎛⎜⎝T ⎞⎟⎠ sinh ⎪⎪⎨

(2.2)

where σ ' is the deviatoric part of stress tensor; T is temperature in Kelvin; α is the
kinematic hardening (an ISV reflecting the effect of anisotropic dislocation density);
and R is the isotropic hardening (an ISV reflecting the effect of global dislocation
density). The function V(T) determines the magnitude of rate-dependence on yielding;
f(T) determines when the rate-dependence affects initial yielding; and Y(T) is the rate-
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independent yield stress. Functions V(T), Y(T), and f(T) are related to yielding with
Arrhenius-type temperature dependence and are given as
⎛ −C2 ⎞
⎜
T ⎟⎠

V (T ) = C1e ⎝

⎛ −C4 ⎞
⎜
T ⎟⎠

,Y (T ) = C3e ⎝

⎛ −C6 ⎞
⎜
T ⎟⎠

(2.3)

, f (T ) = C5 e ⎝

where C1 through C6 are the yield stress related material parameters that are obtained
from isothermal compression tests with variations in temperature and strain rate.
o

The co-rotational rate of the kinematic hardening, α and the material time
derivative of isotropic hardening, R& are expressed in a hardening-recovery format as
⎫⎪⎡ DCS 0 ⎤ z
⎧⎪
⎡ 2
⎤
p
p
α = ⎨h(T )D − ⎢ rd (T ) D + rs (T )⎥ α α ⎬⎢
⎥
⎪⎣
⎦
⎣ 3
⎭ DCS ⎦
⎩⎪

(2.4)

⎧⎪
⎡ 2
⎤ 2 ⎫⎪⎡ DCS0 ⎤ z
p
p
&
R = ⎨ H (T )D − ⎢ Rd (T ) D + Rs (T )⎥ R ⎬⎢
⎥
⎪⎩
⎣ 3
⎦ ⎭⎪⎣ DCS ⎦

(2.5)

o

where DCS0, DCS, and z parameters capture the microstructure effect of grain size.
The dislocation populations and morphology within crystallographic materials exhibit
two types of recovery. In Eqs. 2.4 and 2.5, rd (T ) and Rd (T ) are scalar functions of
temperature that describe dynamic recovery, rs (T ) and Rs (T ) are scalar functions that
describe thermal (static) recovery, whereas h(T ) and H (T ) represent anisotropic and
isotropic hardening modulus, respectively. These functions are calculated as
3/ 2
⎡
⎛ 4 J 3′ 2 ⎞
⎛ J 3′ ⎞ ⎤ ⎜⎛⎝ −C8 T ⎞⎟⎠
− 3 ⎟⎟ − Cb ⎜⎜ ⎟⎟ ⎥e
rd (T ) = C7 ⎢1 + C a ⎜⎜
⎢⎣
⎝ J 2′ ⎠ ⎥⎦
⎝ 27 J 2′ ⎠

(2.6a)

3/ 2
⎡
⎛ 4 J 3′ 2 ⎞
⎛ J 3′ ⎞ ⎤ ⎛⎜⎝ −C14 T ⎟⎠⎞
− 3 ⎟⎟ − Cb ⎜⎜ ⎟⎟ ⎥e
Rd (T ) = C13 ⎢1 + C a ⎜⎜
27
J 2′ ⎠
⎢⎣
⎝ J 2′ ⎠ ⎥⎦
⎝

(2.6b)
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⎛ −C12 ⎞
⎜
T ⎟⎠

rs (T ) = C11e⎝

(2.6c)

⎛ −C
⎞
⎜ 18 T ⎟
⎠

Rs (T ) = C17 e ⎝

(2.6d)

3/ 2
⎡
⎛ 4 J 3′ 2 ⎞
⎛ J 3′ ⎞ ⎤ ⎛⎜⎝ −C8 T ⎞⎟⎠
− 3 ⎟⎟ + Cb ⎜⎜ ⎟⎟ ⎥ e
h(T ) = C9 ⎢1 + C a ⎜⎜
− C10T
⎢⎣
⎝ J 2′ ⎠ ⎥⎦
⎝ 27 J 2′ ⎠

(2.6e)

3/ 2
⎡
⎛ 4 J 3′ 2 ⎞
⎛ J 3′ ⎞ ⎤ ⎛⎜⎝ −C8 T ⎞⎟⎠
− 3 ⎟⎟ + Cb ⎜⎜ ⎟⎟ ⎥ e
− C16T
H (T ) = C15 ⎢1 + C 22 ⎜⎜
⎢⎣
⎝ J 2′ ⎠ ⎦⎥
⎝ 27 J 2′ ⎠

(2.6f)

where J′2 =

( )

( )

2
3
1 ′
1
σ − α , J′3 = σ ′ − α , C7 through C12 are the material plasticity
2
3

parameters related to kinematic hardening and recovery terms, C13 through C18 are
the material plasticity parameters related to isotropic hardening and recovery terms,
whereas Ca and Cb are the material plasticity parameters related to dynamic recovery
and anisotropic hardening terms, respectively.

Constants C1 through C18 are

determined from macroscale experiments at different temperatures and strain rates.
The damage variable, φ& represents the damage fraction of material within a
continuum element. The mechanical properties of a material depend upon the amount
and type of microdefects within its structure. Deformation changes these
microdefects, and when the number of microdefects accumulates, damage is said to
have grown. The three components of damage progression mechanism are void
nucleation, growth and coalescence from second phase particles and pores. In this
regard, the material time derivative of damage, φ& is expressed as

φ& = [φ&particles+φ&pores] C + [φparticles+φpores] C&
15

(2.7)

where φ particles represents void growth from particle debonding and fracture; φ pores
represents void growth from pores; with φ&particles and φ&pores representing their
respective time derivatives; parameter c represents the void coalescence, or void
interaction, that is indicative of pore-pore and particle-pore interactions with c& as its
time derivative. The particle- and pore-based void growth rate and the voidcoalescence rate equations are given as

φ&particles = η&v + ηv&
φ&pores

(2.8a)

⎡ ⎛ V (T )
⎤
−1⎞
⎡
⎤
⎢ 2⎜⎝ 2
Y (T ) ⎟⎠ σ H ⎥ p
1
=⎢
− (1− φ pores )⎥ sinh ⎢
⎥D
m
V (T )
σ
⎞
⎛
vm
⎢⎣ (1 − φ pores )
⎥⎦
+
1
2
⎢⎜
⎥
Y (T ) ⎠⎟
⎣⎝
⎦

DCS 0
⎞
c& = [Cd1 + Cd 2 (ηv& + η&v )]e (CCT T ) ⎛⎜
⎟
DCS
⎝
⎠

z

(2.8b)

(2.8c)

where v is the void growth; η is the void nucleation, whereas σ H and σ vm are the
hydrostatic and von Mises stresses, respectively. The parameters Cd1 and Cd2 are
related to first and second normalized nearest neighbor distance parameters,
respectively, and C CT is the void-coalescence temperature dependent parameter. The
void nucleation rate and void growth rate are given as

η& = D

v& =

p

Ccoeff d
K IC f

1

1

2

3

⎡ ⎛ 4 J 2⎞
I
J
η ⎢a⎜⎜ − 3 3 ⎟⎟ + b 33 + c 1
J2
J2 2
⎢⎣ ⎝ 27 J 2 ⎠

⎛
3R0 ⎡
2I1 ⎞⎟⎤ P
⎢sinh⎜⎜ 3 (1− m)
⎥D
2(1− m ) ⎢⎣
3 J 2 ⎟⎠⎥⎦
⎝
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⎤ ⎜⎛ −CηT T ⎟⎞
⎠
⎥e⎝
⎥⎦

(2.9a)

(2.9b)

where

C coeff

is a material constant that scales the response as a function of initial

conditions; d is the particle size; KIC is the fracture toughness; f is the volume fraction
of second-phase particles; CηT is the void nucleation temperature dependent
parameter; I1, J2, and J3 are the independent stress invariants; m void growth constant;
R0 is the initial void radius, whereas material constants a, b, and c are the voidnucleation constants that are determined from different stress states (i.e., a is found
from a torsion test, while b and c are determined from tension and compression tests,
with all three having units of stress).
The time integral form of Eq. 2.7 is used as the damage state. Based on this
ISV model, material failure is assumed to occur when Eq. 2.7 reaches unity ( φ → 1.0 )
within a finite element. For all practical purposes, material failure can be assumed at
a much smaller value (safe limit) of φ as the damage increases very rapidly to 1.0
shortly after φ reaches a small percentage. The mechanical properties of a material
depend upon the amount and type of microdefects within its structure. Deformation
changes these microdefects, and when the number of microdefects accumulates, the
damage state is said to have grown. By including damage,

φ

as an ISV, different

forms of damage rules can be incorporated easily into the constitutive framework.
In summary, α, R, σ, φ, c, v, and η in Eqs. 2.1 through 2.9 represent the ISVs
in this microstructure-property relationship material model.
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2.4

Material Mechanical Responses, Microstructure Characterizations, and
their Uncertainties
The microstructure of a typical metallic material contains a large number of

microdefects such as microcracks, dislocations, pores, and decohesions. Some of
these defects are induced during the manufacturing process and are present before the
material is subjected to mechanical loads and thermal fields. In general, these defects
are small and distributed throughout most of the volume.

Figure 2.2

Triplanar optical micrograph illustrating the grain structure and
orientation of 7075-T651 aluminum alloy.

In this chapter, we focus on wrought 7075-T651 aluminum alloy. The 7075T651 aluminum is a wrought product with a relatively high yield strength and good
ductility. As displayed by the triplanar optical micrographs of the plate concerned in
the current investigation shown in Figure 2.2, the grains of this wrought alloy were
found to be pancake shaped and aligned in the rolling direction of the wrought plate.
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Figure 2.3

Microstructure of unstrained 7075-T651 aluminum alloy (Harris,
2006).

An optical microscope image of the wrought alloy, as shown in Figure 2.3
displays typical 7075-T651 aluminum microstructure in the untested condition. The
alloy contains two main types of primary particles: Iron rich particles (Al (Fe,Mn),
6

Al Fe, αAl(Fe,Mn,Si) and Al Cu Fe); and silicon compound particles (Mg Si). The
3

7

2

2

iron-rich intermetallic particles are seen in the optical micrograph (Figure 2.3) as light
grey particles and the Mg Si intermetallics are shown as the dark particles. The
2

particle size, nearest neighbor distance, and aspect ratio for the primary distributions
for the iron-rich and Mg Si intermetallics in the untested condition were tabulated
2

from a 5.75 mm2 area of material for each of the orientations and are shown in Figure
2.4. Figure 2.4a displays the area size of the particles, Figure 2.4b displays the
nearest neighbor distance of the particles and Figure 2.4c displays the aspect ratio
distributions of the particles. The mean values of the particle area, area fraction,
aspect ratio and nearest neighbor distances are displayed in Table 2.1. In addition to
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the intermetallic particle stereography, the average grain size was determined by
EBSD analysis taken in each of the directions and the results listed in Table 2.1.
Figure 2.5 displays the grain morphology of the 7075-T651 aluminum alloy along
with its orientation distributions (Figure 2.6).
Metallographic analysis of virgin aluminum 7075-T651 alloy: mean
area particle fraction, particle size, nearest neighbor distance and grain
size.
Particle
Area
Fraction

Avg.
Avg.
Avg.
Particle Nearest Grain
Size
Neighbor Size
(μm²)
Distance (μm)
(μm)
68.2
18.7
18.9

0.025

a)

b)

6.4

5.6

5.2

4.8

4.4

4.0

3.2

2.8

2.4

2.0

1.6

1.2

0.8

0.4

0.0

3.6

nearest neighbor
distance (L)

Particle Size

6.0

Table 2.1

distance (μm)

11.8 70.8 129.8 188.7 247.7 306.7 365.7 424.7 483.6 542.6
area (μm2)

c)

6.4

6.0

5.6

5.2

4.8

4.4

4.0

3.6

3.2

2.8

2.4

2.0

1.6

1.2

0.8

0.4

0.0

aspect ratio (L)

aspect ratio

Figure 2.4

Stereological comparison of distributions of intermetallic particles
(large) in 7075-T651 aluminum alloy for the longitudinal (L)
direction: a) particle area, b) nearest neighbor distance, c) aspect ratio.
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Figure 2.5

Microstructural grain orientation and size analysis for 7075-T651
aluminum alloy in the longitudinal direction.

Figure 2.6

Crystal orientation of the wrought 7075-T651 alloy.

In order to properly model the 7075-T651 alloy, standard monotonic
experiments were performed (ASTM E8). Three different types of monotonic
experiments (tensile, compression and torsion) were performed along the longitudinal
direction. All experimental specimens were machined 2.54 mm from the rolling
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surface of the plate. The tension, compression, and torsion tests were performed with
a strain rate of 0.001/sec in an ambient laboratory environment.
Table 2.2

Accuracy of instruments used to measure load-strain in monotonic
tension, compression, and torsion tests.
Load Cell
Extensometer
Micrometer
Data Acquisition Load Reading
Data Acquisition Strain Reading

Accuracy
1%
1%
0.001 in
0.25%
0.25%

The experimental stress/strain curves were tabulated by taking load and strain
values and by using the nominal cross-sectional area. In order to quantify random
uncertainties of measured quantities, three specimens for each direction of the alloy
were tested. Table 2.2 shows the accuracy related to different instruments used to
measure load-strain curve. The experimental uncertainties are calculated based on
systematic and random uncertainties in the measured quantities such as force, strain,
and specimen sizes (Eqs. 2.10-2.12) (see Coleman and Steele, 1999).
(2.10)

U E = U r2 +U s2

where Ur is random uncertainty, and Us is systematic uncertainty
The random uncertainty in experimentally measured quantities ri (force and strain) for
M different tests is given by
Ur = 2

1 M
(ri − rmean ) 2
∑
M − 1 i =1

(2.11)

The systematic uncertainty in experimentally measured quantities ri (force and strain)
for M different tests is given by
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2
U s = ri U L2 + U daq

(2.12)

where UL is uncertainty in the load cell or extensometer or strain gauges, and Udaq is
the uncertainty in the data acquisition.
The tensile tests were conducted using a Tenuis Olson type tensile machine.
The tests were conducted in constant cross-head control, with a speed of 5 inches per
minute. An MTS knife blade axial extensometer with a 2 inch gage length was used
for the strain measurement and was set at a full scale of 25% strain and calibrated to
better than 0.25% through the full-scale range. The load cell was calibrated to within
0.25% error reading through the full-scale range. The stress strain data was collected
on a System 5000 Data Acquisition system. Similarly, compression and torsional tests
were also performed. Figure 2.7 shows mechanical responses of wrought 7075
aluminum alloy under tension, compression, and torsional loadings with their
variability from mechanical experiments. From experimentally measured mechanical
response, it was found that the variations in elongation to failure are about ±5.2%,
±6.3%, and ±6.5% for torsion type loading, tensile loading, and compressive loading
respectively.
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Figure 2.7

0.05

0.1
Effective Strain

0.15

0.2

Material mechanical response under (a) tension, (b) compression, and
(c) torsion loadings with their variability.

Additional tests were performed to further characterize the mechanical
behavior (Bauschinger effects) of the wrought alloy. The Bauschinger effect is
interpreted as anisotropic “yielding” that arises upon reverse loading from internal
backstresses that are attributed to dislocations accumulating at obstacles. To quantify
the Bauschinger effect, cylindrical low cycle fatigue type specimens with a uniform
gage length based on ASTM standard E606 were used. Specimens with an outer
diameter of 10.135 mm were used to test the 7075-T651 and were machined from the
longitudinal direction of the two-inch-thick plate. The strain rate was 0.001/sec and
the temperature was ambient. Two types of experiments to observe the Bauschinger
effect were conducted. First the cylindrical specimens were prestrained in tension,
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and then uniaxially reloaded in compression. The second type included a different set
of specimens that were prestrained in compression, and then uniaxially reloaded in
tension. Figure 2.8 shows the Bauschinger behavior of the wrought 7075 aluminum
alloy for tension followed by compression and compression followed by tension with
their variability from mechanical experiments.

800

600

600
Experiment

400
200
0
‐0.015

‐0.01

‐0.005

0

0.005

0.01

0.015

‐200

Figure 2.8

400
200
0

‐0.015

‐0.01

‐0.005

0

0.005

0.01

0.015

‐200
‐400

‐400
‐600
Effective Strain

Effective Stress (MPa)

Effective Stress (MPa)

Experiment

‐600
Effective Strain

a)

b)

Material Bauschinger behavior under (a) tension followed by
compression, and (b) compression followed by tension with their
variability.

Further experimental tests for the model calibration included interrupted
tensile experiments in the longitudinal direction to determine the primary void
nucleation rate and damage constants for the ISV model. As confirmed by Fabregue
and Pardoen (2008), obtaining interrupted cracked or debonded sub-micron particles
is not feasible and as such, the damage rate was assumed to be the same as the
primary particles. Tensile specimens were loaded monotonically to pre-determined
strain levels and sectioned for void and/or crack density quantification. The cracked
and debonded primary particles were then quantified as a function of effective strain
similar to Dighe et al. (2002).
25

2.5

Model Calibration, Validation, and Verification
In this section, we will develop a model calibration technique for the

structure-property ISV model (Horstemeyer 2001) with its associated variabilities.
The model calibration technique used here differs from the classical uncertainty
calibration technique. Here model calibration means, fitting model parameters using a
material point simulator and calculating associated uncertainty using a Monte-Carlo
technique with a sample size of 106. The material model will be calibrated with
different stress states, Bauschinger effect, and material microstructure details. Then
the calibrated model will be implemented using a user material model routine in
commercially available finite element code ABAQUS. The verification simulations
will be performed using ABAQUS and compared with the experimental data.
Finally, a series of validation simulations will be performed for validation and
prediction capability.
2.5.1

Model Calibration
A nonlinear regression algorithm in conjunction with Monte-Carlo technique

was used to calibrate the above mentioned microstructure-property ISV model (Eqs.
2.1 to 2.9). The internal state variable model was calibrated with experimentally
measured mechanical responses from tension, compression, torsion, tension followed
by compression, and compression followed by tension and their variabilities. Along
with mechanical responses, material microstructure characteristics (particle size,
particle orientation, void size, void orientation, grain size, and nearest neighbor
distance) and their variability were also used in the model calibration process (see
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Figure 2.1). First, uncertainty in calibration data were calculated, then through Monte
Carlo simulations with a sample size of 106 and a nonlinear regression algorithm, we
calibrated the physically motivated material model for a given set of mechanical
responses and microstructural detail. The sampling distributions for microstructural
features are shown in Figures 2.4 to 2.6. For mechanical responses we used a normal
distribution with three standard deviations derived from the uncertainty calculations
using the propagation rule (see Coleman and Steele, 1999).
Table 2.3

Microstructure-property (elastic-plastic) model parameters for 7075T651 aluminum alloys

ID #
1
2
3
4

Constants (Units) Mean
G (MPa)
26426
1.0
A
K (MPa)
68915
0.0
B
The melt temp
5 (°K)
1400
6 C1 (MPa)
0.0
7 C2 (°K)
0.0
360
8 C3 (MPa)
9 C4 (°K)
110
1.0
10 C5 (1/MPa)
11 C6 (°K)
0.0
12 C7 (1/MPa)
0.07581
13 C8 (°K)
14 C9 (MPa)

0.0
2937

Constants
ID #
(Units)
15 C10 (°K)
16 C11 (sec/MPa)
17 C12 (°K)
18 C13 (1/MPa)
19
20
21
22
23
24
25
26

C14 (°K)
C15 (MPa)
C16 (°K)
C17 (sec/MPa)
C18 (°K)
Ca
Cb
init.temp (°K)
heat gen.
27 Coeff.

Mean
5.0
0.0
0.0
0.323
0.0
3625
12
0.0
0.0
3.99
-0.627
297
0.0

The microstructure-property based ISV model, Eqs. 2.1 to 2.6, includes
plasticity material parameters related to the yield stress, the kinematic and the
isotropic hardenings, and the shear and the bulk moduli along with their temperature
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and strain-rate dependencies, all of which were calibrated using experimentally
measured mechanical responses and microstructural features, as shown in Table 2.3.
Equations 2.7-2.9 include the damage progression, which is multiplicatively
decomposed into void-nucleation, void-growth, and void-coalescence variables. The
microstructure characteristic parameters are calibrated in conjunction with plasticity
parameters using mechanical response and microstructure features as shown in Table
2.4.
Table 2.4

Microstructure-property (damage) model parameters for 7075T651aluminum alloys
ID #
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45

Constants (Units)
M
Ro (mm)
an
bn
cn

Ccoeff

1/2

Kic MPa(m )
d (mm)
F
cd1
cd2
DCS0 (mm)
DCS (mm)
Z
initial void volume
fraction
NTD
CTD
NND

Mean
0.3
0.00931
3.187e-7
16737.2
1250
0.00837
29.
0.00931
0.027598
0.108
0.93373
40
40
0.01
0.0001
-850
-0.0172
8.0E-5

The uncertainty distributions calculated during the calibration process using
the Monte Carlo method related to the material and microstructural parameters of
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microstructure-property model are shown in Figures 2.9 to 2.15. Several observations
can be drawn from these results. One can see that in almost every case the material
mechanical response and microstructural parameters have the same distribution shape
(Gaussian) but different uncertainty levels (the spread of distribution). This could be
due to the different sensitivity levels of each model parameter in the constitutive
relationship for this material.
a)

3.40E+02

3.44E+02

Figure 2.9

3.48E+02

3.52E+02

3.56E+02 7.90E‐01

0.26

8.90E‐01

Distribution of C5
Mean
+/‐ 1 std

9.90E‐01

1.09E+00

1.19E+00

1.29E+00

Uncertainty distribution of material parameters related to the yield
stress (a) yield stress parameter which determines the rate independent
yield stress, and (b) yield stress parameter which determines the
transition strain rate from rate independent to dependent.

Distribution of C13
Mean
+/‐ 1 std

0.24

b)

Distribution of C3
Mean
+/‐ 1 std

0.28

Figure 2.10

a)

0.3

0.32

0.34

0.36

0.38

b)

Distribution of C15
Mean
+/‐ 1 std

0.4

2.90E+03

3.10E+03

3.30E+03

3.50E+03

3.70E+03

3.90E+03

4.10E+03

Uncertainty distribution of material parameters related to the isotropic
hardening (a) isotropic hardening parameter which describes the
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Having calibrated the model parameters and quantified the uncertainty
associated with theses parameters; comparisons were made of stress evolution as a
function of strain for different stress states to predict strain to failure and the work
hardening behavior. Figures 2.16-2.17 show the effective stress–strain response
comparisons for different stress states and also associate variability. As Figures 2.162.17 show the model is able to compare/predict the elongation to failure with a given
level of uncertainty in initial microstructural clustering. It was found that the
variations in elongation to failure are about ±7.0%, ±8.1%, and ±9.75% for torsion
loading, tensile loading, and compressive loading respectively due to initial material
microstructural heterogeneities.
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After good initial correlations with monotonic stress state responses, next the
damage progression was plotted for different stress states as shown in Figure 2.18.
From Figure 2.18, we can observe that the rate of damage is higher for tension,
followed by torsion, and then compression. This may be a material characteristic,
because with the same microstructure-property model, Horstemeyer et al. (1999)
noted that for an A356 cast aluminum alloy, the damage rate was higher for torsion,
followed by tension, and then compression. The evolution of damage distributions at
different tensile, compressive, and torsional strains are shown in Figures 2.19 to 2.21
respectively. It is interesting to note that initial isotropic damage (symmetric) evolved
into an anisotropic form (asymmetric) as applied strain is increased. Another
interesting observation is that as the applied strain is increased, the spread of
evolution of damage distribution increased even though the uncertainty in the input
microstructure remains same.

33

1

Material Damage

0.8
0.6

Tension Model
Compression Model

0.4

Torsion Model

0.2
0
0

Figure 2.18

0.1

0.2
0.3
Effective Strain

0.4

0.5

Damage progressions of aluminum alloy 7075-T651 for different
stress states.

34

at strain =0.05
Mean
+/‐ one std

at strain =0.005
Mean
+/‐ one std

b)

a)
0.0E+00

5.0E‐08

1.0E‐07

1.5E‐07

2.0E‐07

2.5E‐07 0.0E+00

2.0E‐07

4.0E‐07

6.0E‐07

at strain =0.1
Mean
+/‐ one std

1.0E‐06

2.0E‐06

3.0E‐06

1.0E‐06

at strain =0.131
Mean
+/‐ one std

c)
0.0E+00

8.0E‐07

Damage (φ)

Damage (φ)

4.0E‐06

5.0E‐06

d)

6.0E‐06 0.0E+00 2.0E‐06 4.0E‐06 6.0E‐06 8.0E‐06 1.0E‐05 1.2E‐05 1.4E‐05

Damage (φ)

Damage (φ)

at strain =0.14
Mean
+/‐ one std

e)
0.0E+00

5.0E‐04

1.0E‐03

1.5E‐03

2.0E‐03

Damage (φ)

Figure 2.19

Evolution of damage distributions at different tensile strain obtained
through calibration process: (a) at strain = 0.005, (b) at strain = 0.05,
(c) at strain = 0.1, (d) at strain = 0.131, and (e) at strain = 0.14
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Figure 2.20

Evolution of damage distributions at different compressive strain
obtained through calibration process: (a) at strain = 0.0025, (b) at
strain = 0.05, (c) at strain = 0.1, (d) at strain = 0.2, and (e) at strain =
0.4
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Figure 2.21

Evolution of damage distributions at different torsional strain obtained
through calibration process: (a) at strain = 0.005, (b) at strain = 0.05,
(c) at strain = 0.1, (d) at strain = 0.15, and (e) at strain = 0.167

In the present study the material damage is modeled though multiplicatively
decomposing into void-nucleation, void-growth, and void-coalescences. It is
important to understand why initial isotropic damage distributions evolved into an
anisotropic form. For that, we plotted nucleation density distribution evolutions for
37

tensile, compression and torsional strains as shown in Figures 2.22-2.24. It is
interesting to remember that the initial microstructural distributions, for example, the
particle size is asymmetric and the particle aspect ratio is symmetric. From Figures
2.22-2.24 it is clear that the nucleation density evolution is an anisotropic form, which
is why the material damage evolved into anisotropic form, which is consistent with
physical behavior observed by Jordon et al. (2008).

38

at strain =0.005
Mean
+/‐ one std

at strain =0.05
Mean
+/‐ one std

a)
0

0.2

0.4

0.6

b)

0.8

0

2

Crack Particle (#/mm2)

4

6

at strain =0.1
Mean
+/‐ one std

at strain =0.131
Mean
+/‐ one std

c)
0

10

20

30

40

8

Crack Particle (#/mm2)

50

60

d)
70

0

50

Crack Particle (#/mm2)

100

150

200

Crack Particle (#/mm2)

at strain =0.14
Mean
+/‐ one std

e)
0

10000

20000

30000

40000

Crack Particle (#/mm2)

Figure 2.22

Evolution of nucleation density distributions at different tensile strain
obtained through calibration process: (a) at strain = 0.005, (b) at strain
= 0.05, (c) at strain = 0.1, (d) at strain = 0.131, and (e) at strain = 0.14
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Figure 2.23

Evolution of nucleation density distributions at different compressive
strain obtained through calibration process: (a) at strain = 0.0025, (b)
at strain = 0.05, (c) at strain = 0.1, (d) at strain = 0.2, and (e) at strain =
0.4
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Figure 2.24

Evolution of nucleation density distributions at different torsional
strain obtained through calibration process: (a) at strain = 0.005, (b) at
strain = 0.05, (c) at strain = 0.1, (d) at strain = 0.15, and (e) at strain =
0.167

Finally it should be noted that the results presented here include initial distributions
and correlation effects of material mechanical responses and microstructural
parameters. The use of other probability distributions may have a strong effect on the
quantitative values of the results, while the qualitative values still hold.
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2.5.2

Model Verification
For model verification, simulations were performed using ABAQUS finite

element software under different loading conditions (tension, compression, torsion,
tension followed by compression and compression followed by tension). Figures 2.25
and 2.26 show the stress-strain curves comparing the finite element simulations
results to the results obtain through calibration processes at different stress states.
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Comparison of finite element simulated mechanical responses with
results obtained through calibration process under (a) tension, (b)
compression and (c) torsion.
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Figures 2.25 and 2.26 show good correlation and shows how the model
captured the differences between the work hardening rate in tension, compression,
and torsion, which express the importance of a physically motivated internal state
variable plasticity and damage continuum model for modeling microstructural details.
The model is able to capture the history effects arising from the boundary conditions
and load histories, the microstructural defects and progression of damage from these
defects and microstructural features such as, second phase particles, and
intermetallics.
2.5.3

Model Validation
For the model validation, the notched tensile tests were conducted as shown in

Figure 2.27. Stress triaxiality is the primary driving factor for damage in porous
materials. In a uniform material, the notch geometry induces a smooth stress
triaxiality field with a maximum value near the center of the specimen. In a damaged
medium, stress concentrations induced by the presence of pores, may cause local
regions of high stress triaxiality. The notch tests were conducted with constant cross43

head speed of 5 inches per minute. However, a MTS knife blade axial extensometer
with a 1-inch gage length was used for the strain measurement and was set at a full
scale of 25% strain and calibrated to better than 0.25% for the full scale range. The
load cell was calibrated to within 0.25% error reading through the full-scale range.
The data was collected on a System 5000 Data Acquisition system. Figure 2.28 shows
a good comparison of notch specimen experiment data with finite element simulation
result.

Figure 2.27

The 0.025 inch radius notched Bridgmen specimen made of AA7075T651 shown with the 1-inch axial extensometer placed across the
notch to measure displacement.
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aluminum alloy 7075-T651 with a calibrated microstructure-property
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Sensitivity of Damage Uncertainty at Different Strain Values
In this section we calculate the sensitivity of damage uncertainty to multiscale

material parameters. We measure the sensitivity of damage, Si, to an input mechanical
response and microstructural parameters (see Tables 2.3 to 2.4) Xi by using

Si =

∂φ X i
∂Ci φ

(2.12)

where Ci is the coefficient of variation of Xi. Notice that the second term is used for
normalization purposes. Sensitivity of damage uncertainty to the uncertainties of the
mechanical responses and microstructural parameters are depicted in Figures 2.292.31 for different stress states (tension, compression, and torsion respectively). For
instance, Figure 2.29(a) shows that at the very beginning of the damage evolution the
initial radius of a void, ro, and nucleation coefficient are the most influential
parameters. Figures 2.29(b-c), on the other hand, shows that as damage progresses the
initial temperature, the fracture toughness as the void started to nucleate and void
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growth are more important. Finally, Figure 2.29(d) displays the effect of coalescence
and growth parameters on the last stages of damage progression. Similar observation
was noted for the compressive and the torsional loading.
The sensitivity plots are shown in Figures 2.29-2.31 for different stress states
and are also consistent with the physics of the damage progression for this particular
type of material. At the very beginning, the initial defect size and number density of
cracked particles are important. As the damage evolves, more voids nucleate, and
grow. Finally, voids combine with each other and coalescence becomes the main
driver.
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Sensitivity of uncertainty of damage under tension type loading to the
uncertainties of the microstructure-property material model
parameters: (a) at strain =0.0045, (b) at strain = 0.051, (c) at strain =
0.1, and (d) at strain = 0.141
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Sensitivity of uncertainty of damage under compression type loading
to the uncertainties of the microstructure-property material model
parameters: (a) at strain =0.0047, (b) at strain = 0.05, (c) at strain =
0.1, (d) at strain = 0.2, and (e) at strain = 0.4
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Sensitivity of uncertainty of damage under torsional type loading to
the uncertainties of the microstructure-property material model
parameters: (a) at strain =0.005, (b) at strain = 0.05, (c) at strain = 0.1,
(d) at strain = 0.15, (e) at strain = 0.16375, and (f) at strain = 0.1693

Concluding Remarks
The rational and motivation of this study is to understand the effect of

material internal heterogeneity and boundary conditions on localized damage and its
progression mechanism. We analyzed the effect of uncertainty in microstructural
features (i.e., voids, cracks, inclusions) along with uncertainties in loading and
boundary conditions on the mechanical response and damage evolution (or
accumulation) of a wrought aluminum alloy. We first calibrated the microstructure48

property relationship model with monotonic mechanical responses (tension,
compression, torsion, tension followed by compression, and compression followed by
tension) and material microstructure features. Based on the calibration results, we
quantified the influence of uncertainty of various material model parameters in the
constitutive equations on uncertainty in damage. During the calibration process, we
have also shown that a physically motivated material model was necessary to
understand and predict the stress states and damage states associated with rolled
aluminum containing large intermetallics. The uncertainty distribution related to
material parameters associated with the plasticity and microstructural features were
also tabulated during calibration processes and shown that almost every material
mechanical response and microstructural parameters have the same distribution shape
(Gaussian) but different uncertainty level (the spread of distribution).
Having calibrated the model with monotonic loadings, validation and
verification simulations and tests were performed using different types of loading,
geometrical, and boundary conditions. The modeling result show good correlation
with experimental data. This study demonstrates a method of calibrating, verifying
and validating a microstructure-property relationship based internal state variable
form material model. However, this chapter’s important contribution is the approach
of modeling and quantifying uncertainties associated with the damage from particles.
Thus, this approach could be used to model composites and other heterogeneous
materials. The authors believe that the good correlation of the internal state variable
plasticity and damage continuum model to the experimental results along with
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sensitivity analysis support the physically-based modeling of void nucleation, growth,
and coalescence resulting from large and small particles.
The following conclusions are drawn from the results of this work.
1. Better correlation with experimental compression, tension, and torsional
stress-strain curve was demonstrated.
2. Uncertainty calculations revealed that the distribution of material damage,
void nucleation, and growth changes related to the applied strain path. It also
revealed that small variation in experimental data could lead to significant
variations in strain to failure.
3. Uncertainty calculations revealed that the initial isotropic damage (symmetric)
evolved into an anisotropic form (asymmetric) as applied strain is increased,
consistence with experimentally observed behavior for 7075 aluminum alloy
in literature.
4. The spread of damage evolution distribution increases with the applied strain
even though the uncertainties of initial microstructure distributions remain the
same.
5. The sensitivities of the uncertainty of damage to the uncertainties of the input
material responses and microstructural parameters were found to be dependent
on the strain values. As the strain value changed (that is, as the damage
evolved), the importance of theses material responses and microstructural
parameters changed.
6. The sensitivities were found to be consistent with the physics of the damage
progression for this particular type of material. At the very beginning, the
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initial defect size and number density of cracked particles are important. As
the damage evolves, more voids are nucleated, and grow. Finally, voids
combine with each other and coalescence becomes the main driver. It also
shows that the damage evolution equations provide an accurate representation
of the damage progression due to large intermetallic particles.
7. Finally, we have shown that the initial variation in the microstructure
clustering lead to about ±7.0%, ±8.1%, and ±9.75% variation in the elongation
to failure strain for torsion, tension, and compression loading respectively.

51

2.8

Reference

Bammann, D.J., (1984), “An Internal Variable Model of Viscoplasticity,” eds.
Aifantis, E. C. and Davison, L., Media with Microstructures and Wage Propagation,
Int. J. Engineering Science, 8-10, 1041.
Bammann, D.J., and Aifantis, E.C., (1989a), “A Model for Finite-Deformation
Plasticity,” Acta Mechanica, 69, 97-117.
Bammann, D.J., and Aifantis, E.C., (1989b), “A Damage Model for Ductile Metals,”
Nuclear Engineering and Design, 116, 355-362.
Bammann, D.J., (1990), “Modeling Temperature and Strain Rate Dependent Large of
Metals,” Applied Mechanics Reviews, 43 (5), Part 2, May.
Bammann, D.J., Chiesa, M.L., Horstemeyer, M.F., and Weingarten, L.I., (1993),
“Failure in Ductile Materials Using Finite Element Methods,” eds. N. Jones and T.
Weirzbicki, Structural Crashworthiness and Failure, Applied Science.
Bammann, D.J., Chiesa, M.L., and Johnson G.C., (1996), “Modeling Large
Deformation and Failure in Manufacturing Processes,” App. Mech., eds, Tatsumi,
Wannabe, Kambe. Elsevier Science: 256-276.
Bhattacharya, B., and Ellingwood, B., (1998), “Continuum Damage Mechanics
Analysis of Fatigue Crack Initiation,” Int. J. Fatigue, 20 (9), 631-639.
Betten, J., (1986), “Applications of Tensor Functions to the Formulation of
Constitutive Equations Involving Damage and Initial Anisotropy,” Engin. Fract.
Mech., 25 (5-6), 573–584.
Carol, I., Rizzi, E., and Willam, K., (1994), “A Unified Theory of Elastic Degradation
and Damage Based on a Loading Surface,” Int. J. Solids Struct., 31 (20), 2835–2865.
Carol, I., and Bazant, Z. P., (1997), “Damage and Plasticity in Microplane Theory,”
Int. J. Solids Struct., 34 (29), 3807-3835.
Cauvin, A., and Testa, R. B., (1999), “Damage Mechanics: Basic Variables in
Continuum Theories,” Int. J. Solids Struct., 36 (5), 747-761.
Chaboche, J.L., (1993), “Development of Continuum Damage Mechanics for Elastic
Solids Sustaining Anisotropic and Unilateral Damage,” Int. J. Damage Mech., 2 (4),
311-329.
Chow, C.L., and Chen, X.F., (1992), “An Anisotropic Model of Damage Mechanics
Based on Endochronic Theory of Plasticity,” Int. J. Fract., 55 (3), 115–130.
52

Clayton, J.D., and McDowell, D.L., (2004) “A Homogenized Finite Elastoplasticity
and Damage: Theory and Computations,” Mechanics of Materials, 36, 799–824.
Coleman, B.D., and Gurtin, M.E., (1967), “Thermodynamics with Internal State
Variables,” J. Chem. Phys. 47, 59.
Coleman, H.W. and Steele, W.G., (1999), “Experimentation and Uncertainty
Analysis for Engineers,” 2nd Edition, John Wiley, New York, NY.
Dighe, M.D., Gokhale, A.M., and Horstemeyer, M.F., (2002), “Effect of Strain Rate
on Damage Evolution in a Cast Al-Si-Mg Base Alloy,” Metall. Mat. Trans A, 33A,
555-565.
Garrison, W.M. Jr., and Moody, N.R., (1987), “Ductile Fracture,” J. of Physics and
Chem. of Solids, v 48 (11), 1035-1074
Graham-Brady, L.L., Arwade, S.R., Corr, D.J., Gutierrez, M.A., Breysse, D.,
Grigoriu, M., and Zabaras, N., (2006), “Probability and Materials: from Nano- to
Macro-Scale: A Summary,” Probabilistic Engineering Mechanics, 21, 193-199.
Gray, G.T., Vecchio, K.S., and Lopez, M.F., (2000), “Microstructural Anisotropy on
the Quasi-Static and Dynamic Fracture of 1080 Eutectoid Steel,” In: Explomet
Conference, Albuquerque, NM, June 19–22.
Halm, D., and Dragon, A., (1998), “An Anisotropic Model of Damage and Frictional
Sliding for Brittle Materials,” European J. Mech. A – Solids, 17 (3), 439–460.
Harris C.R., (2006), “Particle Cracking Damage Evolution in 7075 Wrought
Aluminum Alloy under Monotonic and Cyclic Loading Conditions,” M.S. Thesis,
Georgia Institute of Technology
Hayakawa, K., Murakami, S., and Liu, Y., (1998), “An Irreversible Thermodynamics
Theory for Elastic-Plastic-Damage Materials,” European J. Mech. A- Solids, 17 (1),
13–32.
Horstemeyer, M.F., and Revelli, V., (1996), “Stress History Dependent Localization
and Failure Using Continuum Damage Mechanics Concepts,” ASTM Symposium the
Applications of Continuum Damage Mechanics to Fatigue and Fracture, STP1315,
ed. D. McDowell.
Horstemeyer, M.F., and Gokhale, A.M., (1999), “A Void-Crack Nucleation Model
for Ductile Metals,” Int. J. Solids and Structures, 36, 5029-5055

53

Horstemeyer, M.F., Lathrop. J., Gokhale. A.M., and Dighe, M., (2000a), “Modeling
Stress State Dependent Damage Evolution in A Cast Al-Si-Mg Aluminum Alloy,”
Theory and Appl. Fract. Mech., 33, 31-47.
Horstemeyer, M.F. and Ramaswamy, S., (2000b), “On Factors Affecting Localization
and Void Growth in Ductile Metals: A Parametric Study,” Int. J. Damage Mech., 9,
6-28.
Horstemeyer, M.F., (2001), “From Atoms to Autos A New Design Paradigm Using
Microstructure-Property Modeling, Part 1: Monotonic Loading Conditions,” Sandia
National Laboratories, Sand2000-8662, March 2001.
Horstemeyer, M.F., Negrete, M., and Ramaswamy, S., (2003a), “Using a
Micromechanical Finite Element Parametric Study to Motivate a Phenomenological
Macroscale Model For Void/Crack Nucleation in Aluminum with a Hard Second
Phase,” Mechanics of Materials, 35, 675-687.
Horstemeyer, M.F., Baskes, M.I., Prantil, V.C., Philliber, J., and Vonderheide, S.,
(2003b), “A Multiscale Analysis of Fixed-End Simple Shear Using Molecular
Dynamics, Crystal Plasticity, and A Macroscopic Internal State Variable Theory,”
Modeling Simul. Mater. Sci. Eng, 11, 265-286.
Horstemeyer, M.F., and Wang, P., (2003c), ‘Cradle-to-Grave Simulation-Based
Design Incorporating Multiscale Microstructure-Property Modeling: Reinvigorating
Design with Science,” Journal of Computer-Aided Materials Design, 10, 13-34,
2003.
Horstemeyer, M.F., Solanki, K., and Steele, W.G., (2005), “Uncertainty
Methodologies to Characterize a Damage Evolution Model,” Plasticity Conference.
Fabrègue, D., and Pardoen, T., (2008), “A Constitutive Model for Elastoplastic Solids
Containing Primary and Secondary Voids,” Journal of Mechanics and Physics of
Solids, 56 (3), 719-741.
Kanatani, K., (1984), “Distribution of Directional Data and Fabric Tensors,” Int. J.
Engin. Sci., 22 (2), 149-164.
Krajcinovic, D., and Mastilovic, S., (1995), “Some Fundamental Issues of Damage
Mechanics,” Mech. Mater., 21(3), 217-230.
Kachanov, L.M., (1958), “Time of the Rupture Process under Creep Conditions,”
Izvestiya Akad. Nauk USSR, Otd. Tech. Nauk, 8, 26-31.
Krajcinovic, D., (1996), Damage Mechanics. Elsevier, Amsterdam.
54

Lemaitre, J., Desmorat, R., and Sauzay, M., (2000), “Anisotropic Damage Law of
Evolution,” European Journal of Mechanics A – Solids, 19 (2), 187-208.
Lubarda, V.A., and Krajcinovic, D., (1993), “Damage Tensors and the Crack Density
Distribution,” Int. J. Solids Struct., 30 (20), 2859-2877.
McDowell, D.L., (2005), “Design of Heterogeneous Materials,” Journal of
Computer-Aided Materials Design, 11(2-3), 81-83
McDowell, D.L., Choi, H.J., Panchal, J., Austin, R., Allen, J., and Mistree, F., (2007),
“Plasticity-Related Microstructure-Property Relations for Materials Design,” Key
Engineering Materials, 340-341, 21-30
Olson, G.B., (1997), “Computational Design of Hierarchically Structured Materials,”
Science, 277, 1237–1242.
Ortiz, M., (1985), “A Constitutive Theory for the Inelastic Behavior of Concrete,”
Mech. Mater., 4(1), 67-93.
Rice J.R., (1971), “Inelastic Constitutive Relations for Solids: An Internal-Variable
Theory and Its Application to Metal Plasticity,” Journal of the Mechanics and
Physics of Solids, 19 (6), 433-455.
Subbarayan, G., and Raj, R., (1999), “A Methodology for Integrating Materials
Science with System Engineering”, Mater. Des., 20, 1-20.
Tvergaard, V., and Needleman, A., (1984), “Analysis of Cup-Cone Fracture in A
Round Tensile Bar,” Acta Metall., 32, 157–169.
Tikhomirov, D., Niekamp, R., and Stein, E., (2001), “On Three-dimensional
Microcrack Density Distribution,” ZAMM.Z. Angew. Math. Mech., 81 (1), 3-16.
Tirosh, J., Shirizly, A., and Rubinski, L., (1999), “Evolution of Anisotropy in the
Compliances of Porous Materials during Plastic Stretching or Rolling – Analysis and
Experiments,” Mechanics of Materials, 31, 449–460.
Yazdani, S., and Schreyer, H.L., (1988), “An Anisotropic Damage Model with
Dilatation for Concrete,” Mechanics of Materials, 7 (3), 231–244.

55

CHAPTER III
PHYSICALLY MOTIVATED INTERNAL STATE
VARIABLE THEORY FOR HIGHER ORDER
ANISOTROPIC DAMAGE OF
ENGINEERING MATERIALS
3.1

Abstract
A coupled anisotropic damage and plasticity model is formulated for modeling

finite deformation in polycrystalline metals. Ductile damage is induced by the
classical process of nucleation of voids at inclusions, followed by their growth, and
coalescence. The methodology is developed for ductile material in which material
heterogeneities are introduced based on damage distribution functions converted into
a second rank damage tensor. The void-crack nucleation function is a scalar form that
includes parameters (particle aspect ratio, and particle size with its orientation) and
representing decohesion at the particle-matrix interface and the fragmentation of
second phase particles. The void growth function that describes the growth of
nucleated and pre-existing void from second phase particles is a second rank tensor
governed by the plastic strain rate, stress state, and material length scale parameters
(size, and aspect ratio with its orientation). The classical thermodynamic constraints
of irreversible processes with material internal state variables are used to model the
tensorial damage evolution coupled to the rate-dependent plasticity. Finally, at the
continuum scale, comparisons to different types of metals are made to illustrate the
effect of different material length scale parameters (size and aspect ratio with its
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orientation) on void-nucleation, void-growth, total damage and the material
mechanical responses.
Keywords: Material Length Scale, Anisotropic Damage; Internal State Variable; Void
Growth; Void Nucleation;
3.2

Introduction
Polycrystalline metals that undergo deformation experience a complex

combination of mechanisms, such as thermally-activated dislocation motion and
generation, dislocation annihilation, dislocation drag, texture effects, void nucleation,
growth, and coalescence. The damage and plasticity model described in this chapter is
a phenomenological description of the physical deformation mechanisms observed at
the void/particles and dislocation length scales in polycrystalline metals. In the
literature (e.g. Abu Al-Rub and Voyiadjis, 2003), more complex constitutive models
have been developed that include spatial gradients of internal state variables (e.g.
Bammann, 2001) and free surface creation due to crack propagation (Klein et al.,
2003), among other deformation mechanisms and material processes experienced by
polycrystalline

metals

(e.g.,

recrystallization

and

grain

growth,

phase

transformations). However, the model presented here provides the preliminaries for
adding these features in the future. For simplicity, no higher gradients of deformation
leading to a system of partial differential equations (PDEs) for the constitutive model
are included at this time. These gradients, however, should be included to accurately
predict bulk damage and plasticity around a crack tip. Without accounting for these
additional microstructural deformation mechanisms, the form of the model is limited
in its application.
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To model material degradation behavior at continuum level, a scalar damage
variable which represents a strength decrease was first introduce by Kachanov (1958).
The idea to describe material degradation with damage variables of different order has
led to the appearance of many mathematical formulations for these variables. We
briefly mention here only some of the damage models with scalar variables (e.g.
Kachanov, 1958; Lemaitre, 1985; Bhattacharya and Ellingwood, 1998), second order
tensors (e.g. Betten, 1986; Chow and Chen, 1992; Chaboche, 1993; Halm and
Dragon, 1998; Hayakawa et al., 1998; Voyiadjis and Park, 1999; Abu Al-Rub and
Voyiadjis, 2003; Hammi et al., 2003, 2004, 2007), fourth order tensors (e.g. Ortiz,
1985; Yazdani and Schreyer, 1988; Carol et al., 1994; Carol and Bazant, 1997;
Tikhomirov and Stein, 1999), and higher order tensors (Kanatani, 1984; Lubarda and
Krajcinovic, 1993; Krajcinovic and Mastilovic, 1995; Cauvin and Testa, 1999).
Damage variables recently got wide applications in numerical modeling of brittle
fracture of engineering materials. A good review on some of these models with
numerous references can be found in Krajcinovic (1996).
In the averaged macroscopic structural behavior, the localization associated to
intrinsic softening and interaction between initial material heterogeneity and damageinduced anisotropy are typical results thereof. The formulation of physically based
constitutive relations, which account for such structural responses, is complicated, and
strong assumptions are therefore often required in order to render such frameworks
tractable. Physically based constitutive models which incorporate the observed
microstructural features should offer the potential for predictive capability rather than
interpolation of experimental results, as it is common with phenomenologically based
models. As such, our contribution in this writing is the development of a second rank
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tensor anisotropic continuum damage model that is physically motivated. The
anisotropy in the model is induced by microstructure features such as particle
orientation and other material length scale parameters such as particle aspect ratio and
particle size. The author’s believe that in literature, in the most of the
phenomenologically based anisotropic damage material models, anisotropy is induced
based on plasticity rather than inherent material microstructure heterogeneities arising
from material processing technique (e.g. Voyiadjis and Park, 1999; Abu Al-Rub and
Voyiadjis, 2003; Hammi et al., 2003, 2004, 2007).
In the present study, we employ internal state variable (ISV) based theory
which links lower length scale information (Coleman and Gurtin, 1967; Rice, 1971;
Bammann et al., 1990, 1993; Horstemeyer et al., 1999, 2000a,b,c, 2001; Hammi et al.,
2003, 2004, 2007), which are formulated at the macroscale level. The ISVs reflect the
spatial lower size scale microstructural rearrangements so that history effects can be
modeled. Onat et al. (1988) demonstrated that tensorial ISVs constitute a natural tool
for the representation of internal structure and its orientation. ISVs also provide a
convenient measure of the degree of anisotropy present in the material. Studies have
shown that representations based on the notion of state and on the differential
equations that govern the evolution of state have definite advantages over other
methods of representation (i.e. integral representation). Some examples of the
application of ISVs in metals are hysteresis due to plastic deformation or phase
transition and fatigue and fracture (McDowell, 2005). McDowell also noted that some
of these processes occur so slowly and so near equilibrium that common models
forego description of nonequilibrium aspects of dissipation (e.g. grain growth). The
ISVs constitutive theory offers an in-depth basis for incorporating irreversible, path
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dependent behavior that can be informed by experiments, computational materials
science and micromechanics (McDowell, 2005). One major advantage of an ISV
model is the ability to alleviate boundary conditions when instituting the model in a
finite element (FE) environment. This asset is due to the model’s ability to predict
path history dependence and complex boundary value problems.
In this chapter, we will illustrate the importance of anisotropic responses of
damage on ductility by modeling the anisotropy related to microstructural
heterogeneities arising from material processing, a physical representation. The
anisotropy in damage is induced by various material length scale parameters such as
particle size, and particle aspect ratio along with its orientation. We will also illustrate
the effect of these different material length scale parameters on void-nucleation, voidgrowth, total damage and material mechanical responses.
3.3

Damage Induced Anisotropy
Materials which show an isotropic material response in the elastic regime

often exhibit anisotropic characteristics in the inelastic regime. This is particularly
true during material processing, such as rolling or extrusion, where cavities and
second phase particles are elongated (aspect ratio distributions) and oriented
(distribution), in such a way that the larger axis tends to align itself along the
maximum principal load direction (see Figure 3.1).
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Figure 3.1

Schematic description of a rolling process and inclusion distribution in
the aluminium alloy 6022.

At the macroscale, the morphology of these microstructures leads to an
anisotropic mechanical response and strongly influences ductile fracture (Garrison
and Moody, 1987; Tirosh et al., 1999; Gray et al., 2000). This orientation dependent
ductility leads to a pronounced anisotropy of the damage evolution (see Figure 3.1).
The void nucleation and void growth evolutions can also depend upon the initial grain
boundary misorientation distribution and grain morphology (Clayton and McDowell,
2004). As the progressive elastic modulus reduction can constitute an experimental
measure of the ductile damage (Bonora et al., 2004, 2005), the geometrical evolutions
in the cavity shapes and orientations constitute a measure to the anisotropy response
of the material (Benzerga et al., 2004a, 2004b). The understanding of this
microstructure resulting from material processing is required in the development of
damage continuum models for structural engineering applications where the ductile
fracture mechanism is expected.
In order to reveal the nature of the ductile failure process in materials, many
attempts based on physically motivated damage evolution have been made in the
recent years. It is shown (see Figure 3.2) that eventual failure of a damaged material
61

may be caused by the nucleation, growth and coalescence of numerous microscopic
voids, cracks or second phase particles (see Garrison and Moody, 1987; Horstemeyer
et al., 1999, 2000a,b, 2001, 2003a,b,c, 2007; and Hammi et al., 2003, 2004, 2007). In
fact, understanding the role of local heterogeneities (such as hard particles in metallic
alloys) as nucleation sites for cavities leading to ductile failure has been extensively
studied. However, in addition to these heterogeneities, real materials often exhibit
spatial heterogeneities in mechanical properties and microstructural features which
are responsible for the coexistence of different ductile failure modes. In the present
study, our initial attempt is to link material length scale parameters to failure
mechanics by introducing and modelling anisotropy on damage due to these material
spatial heterogeneities.

Second
Second phase
phase
particles
particles

Voids

Voids

Voids
Matrix

Matrix

Domain R

Matrix

Increasing Strain over domain R

Figure 3.2

Eventual failure of a damaged material caused by the void-nucleation,
void-growth and void-coalescence.

The total damage is defined by the second rank tensor

and describes the pre-

fracture process that includes void nucleation, growth and coalescence. In this
chapter, we multiplicativly decompose the total mechanical damage rate into the voidnucleation rate, and void-growth rate. We assumed void-coalescence as a constant and
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focused mainly on the void-nucleation and the void-growth. We believe voidcoalescence should be studied in the non-local form (see Horstemeyer, 2001).
(3.1)
where

is the void-nucleation function,

the second rank void-growth tensor

and the void-coalescence function.
The mechanical properties of a material depend upon the amount and type of
microdefects or heterogeneities within its structure. Deformation changes these
microdefects which are essentially heterogeneous and it is necessary to use a tensorial
form of damage in order to extend the theory to the general multiaxial states of
damage. In the elasto-viscoplastic damage model, all of the observable and internal
state variables are affected by mechanical damage. In a general state of deformation
and damage, the effective variables in the anisotropic case are related by linear
transformation:
(3.2)
where

is a fourth-order linear transformation tensor (the effective damage

tensor) which is a function of the material damage state,
tensor and

is the effective stress

is the Cauchy stress tensor.

To determine the effective variables, we employ the concept of a fictitious
undamaged configuration (Murakami, 1988) with energy equivalence proposed by
Cordebois and Sidoroff (1979). That leads to the effective stress which can be
decomposed into the hydrostatic and deviatoric parts as follows
(3.3)

and
and necessarily the effective strain:
and
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1

(3.4)

where the hydrostatic coupling is made by a linear function of the trace of the damage
tensor
tensor is defined for the deviatoric part:

The

and

(3.5)

We suppose the following equalities in the constitutive equations:
,

:

,

:

Then the elastic stiffness

, and

:

and compliance

:

(3.6)

of damage material in the deviatoric

part are
: :

, and

(3.7)

: :

In the same manner, the effective kinematic hardening variable can be define as
(3.8)

:
where is

the kinematic hardening variable tensor (defined later in the text)

Finally, the coupling of the anisotropic damage with elasto-viscoplasticity is written
through a tensor on the deviatoric part of the energy and through a scalar equation as
its trace on the hydrostatic component.
In the intrinsic form, the damage effect tensor in the particle principal direction is
written as:
/

(3.9)

Then the damage effective tensor in the current configuration is defined as:
(3.10)
where is the fourth-rank unit tensor,

is fourth order transformation matrix, and,

is a fourth-rank tensor function of the damage tensor

:
(3.11)

where is the ‘full’ unit second rank tensor:
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1
1
1
3.4

1 1
1 1
1 1

(3.12)

Void-Nucleation
In this research, we will update the scalar form of void nucleation law that is

used to model the results from experimental data under compression, tension, and
torsion and developed for a cast A356 aluminum alloy (Horstemeyer and Gokhale,
1999; Horstemeyer et al., 2000a,b,c). The void-crack nucleation function is a scalar
form representing decohesion at the particle-matrix interface and the fragmentation of
second phase particles (see Figure 3.3). The scalar form of the Horstemeyer-Gokhale
nucleation model is as follow
.

(3.13)

The nucleation evolution law is a function of a length scale parameter a, the
volume fraction f, the stress state (function of stress invariants I1, J2 and J3), the
symmetric part of the plastic velocity gradient

, the material parameters Na, Nb, and

Nc, and the fracture toughness KIC. This void nucleation equation allows for direct
inputs from microstructural information. The length scale parameter a in this model
can be related to the mean size of inclusions (Horstemeyer and Gokhale, 1999) but
could also represent the crucial size of particles that are observed to nucleate a void.
For a A356 cast aluminum alloy the second phase silicon can range from 3 to 10 μm
(Gangalee and Gurland, 1967). For the cast Al–Si–Mg used in the study of
Horstemeyer and Gokhale (1999), the silicon particle size ranged from 4 to 70 μm.
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b

a

Figure 3.3

Nucleation sites in Al6061 matrix reinforced with Al2O3 (a)
decohesion and (b) particle fracture (Kanetake et al., 1995).

The density of voids is counted after the specimen is loaded to a certain strain level
and then unloaded. From this point, the specimen is cut and polished and the number
counting of voids nucleated is performed representing the elastically unloaded
intermediate configuration; hence, η is experimentally determined.
The void nucleation developed in this chapter is physically motivated
representing different material length scales (such as particle size, and aspect ratio)
there by inherently inducing anisotropy. This void-crack nucleation model will also be
able to capture the experimentally observed Al-Si-Mg materials that exhibit isotropic
damage. The void nucleation evolution function is related to microcavity surface
density distribution of second phase inclusions. In order to capture anisotropy, we
introduce cosine series which is related to microstructure orientation and its evolution
during deformations. The void nucleation evolution equation is then written in the
following form:
(3.14)
(3.15)

:
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where the cosine function is related to the particle orientation distribution, the second
rank tensor
fraction

is the particle aspect ratio, a length scale parameter

, the symmetric part of the plastic velocity gradient

, the volume
,

is the

nucleation material coefficient, m is the material parameter related to orientation, and
the fracture toughness

. The stress state function
(3.16)

.

The material parameters Na, Nb, and Nc relate to the volume fraction of nucleation
events arising from local microstresses in the material. These constants are
determined experimentally from tension, compression, and torsion tests in which the
number density of void sites is measured at different strain levels (see Figure 3.5).
The stress state dependence on damage evolution is captured in Eq. 3.14 by using the
stress invariants denoted by I1, J2, and J3, respectively.
,

,

det

(3.17)

The rationale and motivation for using these three invariants of stress is discussed in
Horstemeyer and Gokhale (1999).
The key material length scale parameter, the particle aspect ratio, is introduced
by a second rank tensor . One can imagine that a long aspect ratio particle exists in
which the loading direction, whether parallel or perpendicular to the particle axis,
would give very different results with respect to the particle orientation axis. The
particle aspect ratio tensor can be written in the following form:
1
0
0

0
/
0

0
0
/

(3.18)

where the a and b are related to the particle major and minor lengths and the second
rank tensor P is the mapping tensor between the particle major axes and loading
67

direction. If the direction of greatest aspect ratio coincides with the most deleterious
loading direction represented by cosine series function, then the dominant nucleation
occurs in this direction. The changes in the orientation of defects during deformation
are modeled by introducing a spin tensor. The evolution equation related to the second
rank tensor P (particle orientation) is then written in following format
(3.19)
where the spin function

can be written as (see Dafalias, 1985; Prantil et al.,1993;

Bammann, 2001)
·
where
3.5

(3.20)

·

is a material parameter related to the spin function.
Void-Growth
A crucial feature in determining the damage state besides nucleation of voids

is void growth (see Figure 3.4). Many void growth rules have been developed and
studied (for e.g. McCintock, 1968; Cocks and Ashby, 1980; Garrison and Moody,
1987; Tvergaard, 1990; Rice and Tracey, 1969) but none can comprehensively
capture different levels of stress triaxialities, different hardening rates, different strain
rates, different temperature regimes and also be able to represent inherent material
heterogeneities which lead to the anisotropic damage behavior. In this research, we
developed a new second rank tensor form of void growth rule which takes into
account void morphology (size, aspect ratio, and orientation) that arises from material
processing. Again, the cosine series function is introduced to model the void
orientation effect. The damage anisotropy is introduced naturally due to the size and
aspect ratio of void along with its orientation. The void growth evolution equation is
then written in the following form:
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(3.21)
(3.22)

:

where the cosine function is related to the particle orientation distribution, the second
rank tensor
gradient

is the particle aspect ratio, and the symmetric part of the plastic velocity
. The void growth equation allows for direct input from microstructural

information. The stress state function
(3.23)

.

The material parameters va, vb, and vc relate to the volume fraction of void events
arising from local microstresses in the material. These constants are determined
experimentally from tension, compression, and torsion tests in which the number
density of void sites is measured at different strain levels (see Figure 3.4). The stress
state dependence on damage evolution is captured in Eq. 3.21 by using the stress
invariants denoted by I1, J2, and J3, respectively. In Eq. 3.21 the void volume grows as
the strain and/or stress triaxiality increases.

Figure 3.4
3.6

Increasing void growth.

Kinematics of Mechanical Damage
The multiplicative decomposition of the deformation gradient into elastic and

plastic components proposed by Lee (1969) to extend the hypothesis of small
deformation to finite deformation is assumed here. The finite-strain deformation
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gradient (see Figure 3.5), , is decomposed into a thermal deformation,
with the thermal expansion; the deviatoric plastic deformation,

, associated

, attributed to the

history of dislocation glide/movement; the volumetric deformation gradient,

,

associated with dissipative volume change of the material; and the elastic or
recoverable deformation,

, associated with the lattice rotation/stretch and is given

by
(3.24)
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Multiplicative decomposition of the deformation gradient into the
thermal, plastic, damage and elastic parts.

The elastic deformation gradient,

, describes the material point movement

due to elastic motions and can be readily related to elastic unloading. The plastic
deformation gradient,

, describes the material point movement due to the distortion

caused by dislocation movement. The thermal deformation gradient,

, is due to

thermal variation. The volumetric deformation gradient due to damage,

, describes

the material point movement caused by dissipative volume changes of the material
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from nucleation, growth and coalescences. In other words, if a void or defect is
present, then enhanced dislocation nucleation, motion, and interaction would occur
compared to the case if the void or defect were not present. As new internal free
surfaces are created from the applied remote deformation, dislocations nucleate from
the voids. One can think of this volume change related to dislocation nucleation to
independently act upon void nucleation, growth, and coalescence. As such, each
independent mechanism for damage can create internal free surfaces with dislocations
independent of each other. The elastic deformation can be unloaded from the current
configuration ( ) to the intermediate configuration ( ). The intermediate
configuration ( ) is a physically obtainable configuration by unloading elastically,
while with a given damage, the configurations

, , and

are not obtainable (i.e.,

damage deformation is irrecoverable).The velocity gradient associated with the
deformation gradient in the current configuration ,

is separated into an

elastic, plastic, thermal and a volumetric part, and is given by
(3.25)

(3.26)
By Pulling back through

, the velocity gradient in the intermediate configuration

is
(3.27)
Note that we can decompose any velocity gradient into skew and symmetric parts in
any configuration. For example
,

, and
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(3.28)

and in the intermediate configuration
,
3.7

(3.29)

, and

Thermodynamics of Mechanical Damage
In this work, a thermodynamic approach with internal state variables to

describe the underlying irreversible processes (plasticity and damage) was formulated
for elasto-plastic-damage-thermal material. The rate of change of internal energy or
the First Law of Thermodynamics in the intermediate configuration ,
̃

·

where ̃ is the internal energy,

̃

(3.30)

0

is the heat flux per unit area,

is the mass density,

and ̃ is the heat source per unit volume. Similarly the entropy inequality or the
Second Law of Thermodynamics is
̃

where

·

· θ

(3.31)

is the arbitrary history dissipation function related to entropy, and

is the

absolute temperature. After Coleman and Gurtin (1967), we assume the Helmholtz
free energy, , as the following
̃

,

(3.32)
̃

The Helmholtz free energy,

may be defined as a function of a local state,

which may be characterized by observable variables such as temperature and strain,
and hidden variables (internal state variables) such as isotropic hardening, and
kinematic hardening variables. In the case of isothermal deformation processes, the
Helmholtz free energy is composed of purely reversible stored energy and irreversible
energy associated with the change in microstructure produced by plastic deformation
and damage. Using the Clausius-Duhem inequality
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· θ

(3.33)

0

In the case of a small elastic strain assumption

(3.34)
Substituting Eq. 3.34 into Eq. 3.33, we get
·
θ

(3.35)

0

In this frame work, we assume that the free energy is a function of the elastic strain,
, the material damage state,

, the absolute temperature

, the temperature

gradient, θ, and a set of i number of strain-like internal state variables,

, (where i

=1 to number of internal state variables) i.e.
, , θ, θ,

(3.36)

To model evolving internal structure during plastic deformation, the set of
strain-like internal state variables,

, are incorporated to represent the irreversible

mechanisms of the inelastic material. In the present study, the description of structural
change was incorporated with two internal state variables which represent the internal
elastic strain field induced by the presence of dislocations created by deformation.
These state variables are denoted here as ε a scalar variable representing lattice
deformation due to the presence of statistically stored dislocations, and

a symmetric

deviatoric tensorial variable represent incompatible lattice curvature due to presence
of geometrically necessary dislocations (GNDs) at grain boundaries and around
second phase particles. In this context, ε , represents induced non-directional
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(isotropic) hardening, while

, gives the direction dependent (kinematic) hardening

effects. Thus, assuming
ε,

(3.37)
, , θ, θ, ε ,

(3.38)

Notice that the free energy is a function of elastic strain-like internal variables and
thermal internal energy variables. We view plastic deformation as the motion of
dislocations and the state of the material as a freeze-frame of the deformed state
which is represented by the elastic lattice deformation due to the presence of
dislocations and due to the external loading.
The rate form of Eq. 3.38
·

· ̃

(3.39)

·

Substituting Eq. 3.39 into Eq. 3.35 and rearranging we get
·
· ̃
·

·
(3.40)

0

Because the increasing strong interaction between these individual dislocation strain
fields and those of neighboring dislocations impedes further dislocation motion
(material hardening), one could phenomenologically associate ε , and

, with

hardening variables. The stress-like internal state variables work-conjugate to ε and
are
̃

,

(3.41)
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To describe the material state, the above equations are complemented with
evolution laws for the internal state variables ε and . In this study, these evolution
equations are cast into a hardening minus recovery format and also include both
dynamic and static recoveries (Bammann, 2001). Following the classical arguments of
(Coleman and Noll, 1964; Kratochvil and Dillon, 1969)
(3.42)
(3.43)

θ

θ

(3.44)

0

and also
(3.45)
The dissipation inequality then reads as

̃ · ̃

·

0

(3.46)

The Helmoltz free energy for small elastic and internal strains in a quadratic form to
describe the thermodynamic state of the material is,
(3.47)
̃

From the above free energy expression and using Eqs. 3.47 and 3.42, we can derived
following expression
2G

(3.48)

1

Then the rate form of Eq. 3.48 in the current configuration is
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2G
(3.49)

1

This formalism with generalized normality rules to be expressed in the following
form:
(3.50)
(3.51)
(3.52)
(3.53)
Assume that the material is evolving under isothermal conditions. In the elastoviscoplasticity BCJ model, the plastic multiplier
stress given by the distance

is a scalar function of the viscous

from the stress state to the elastic domain (

0), in the

form a hyperbolic sine function:
(3.54)
where yield function parameters are functions of temperature following the Arrhenius
form:
(3.55)

1

(3.56)
(3.57)
The function

is the rate-independent yield stress. The function

when the rate-dependence affects initial yielding. The function

determines
determines the

magnitude of rate-dependence on yielding. The rate-dependence of this criterion
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exhibits a transition between essentially elastoplastic (rate-independent plasticity) and
elastoviscoplastic states (rate-dependent plasticity) and high strain rates. The
definition of this viscoplastic multiplier leads to the viscoplastic yield function
defined by an hyperbolic form (ref Eq. 3.54) that leads to the viscoplastic criterion:
Θ

(3.58)

,

where the function Θ is the initial elastic limit define by:
Θ

,

(3.59)

1

The Mises criterion is generally used in the classical models of plasticity to
characterize the dependence of plastic flow on the deviatoric stress state. This yield
function leads to incompressible plastic deformation, characteristic of non-porous
materials. However, a porous ductile metal exhibits a plastic dilatation due to the
presence of the porosity and the effect of the positive hydrostatic stress component.
This hydrostatic effect can be included in material flow behavior by specifying that
the yield criterion depends on hydrostatic stress and porosity (void growth in this
chapter) as follows:
Γ

,

;

Χ

(3.60)

,

The kinematic hardening internal state variable, , reflects the effect of
anisotropic dislocation density, and the isotropic hardening internal state variable ,
reflects the effect of the global dislocation density. As such, the hardening Eqs. 3.613.52 are cast in a hardening-recovery format that includes dynamic and static
recovery. The functions

and

are scalar in nature and describe the

diffusion-controlled static or thermal recovery, while

and

are scalar

functions describing dynamic recovery. Hence, the two main types of recovery that
are exhibited by populations of dislocations within crystallographic materials are
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captured in the ISVs. The anisotropic hardening modulus is
hardening modulus is

, and the isotropic

.
(3.61)
(3.62)

1

(3.63)

.

1

(3.64)

.

(3.65)
The hardening moduli and dynamic recovery functions account for
deformation-induced anisotropy arising from texture and dislocation substructures by
means of stress-dependent variables. Miller and McDowell (1992) showed that by
using

in the hardening equations the different hardening rates between

axisymmetric compression and torsion (torsional softening) were accurately captured.
Miller et al. (1995) and Horstemeyer et al. (1995) included this feature in the
Bammann ISV model as
1

(3.66)

.

1

.

(3.67)
(3.68)

The final equation required to complete the description of this elasto-viscoplasticity
coupled with damage that allows temperature evolution in the case of adiabatic
heating with plastic flow (Bammann et al., 1993). The thermal dissipation equation is
(3.69)
78

3.8

Model Integration
In this section, we will discuss integration technique needed for the continuum

internal state variable model developed in earlier section. We use a semi implicit
stress integration technique to solve the fully coupled visco-elastic-plastic BCJ model
with anisotropic damage model which is decomposed into void nucleation and
growth. For the sake of simplicity, we consider coalescence factor as a constant, we
assume isothermal conditions. This method allows us to impose the plastic criterion f
at the time

∆ as function of all scalar and tensorial variables (Ortiz and

Popov, 1985; Hammi et al. 2003, 2004, 2007). The linear and isotropic elastic
prediction gives the trial stress defined by:
2G

∆

1

∆

(3.70)

and also the trial internal state variables related to isotropic and kinematic hardening:
(3.71)

∆

1
1

(3.72)

∆

knowing that
and

(3.73)

In the case where the viscoplastic criteria are strictly negative:
,
Then

,

,

,

0
,

(3.74)

, and the other internal state variables and their

associated variable remain constant:
, and

(3.75)

In the case that the stress does not lie within the yield surface (Eq. 3.64) we have to
apply the plastic corrector procedure on the yield surface.
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∆

, , , ,Δ

∆

0 (3.76)

For the plastic corrector procedure, the nonlinear constitutive equations are
solved iteratively. This nonlinear system of equations was simplified without losing
the physical meaning and solved (see Simo and Taylor, 1985; Hammi et al. 2003,
2004, 2007). Then, we use the radial return method to determine the internal state
variables at time

∆

∆

∆

2

∆

0 (3.77)

where

2
3

1

∆

∆

2
3
2G

∆

∆
Υ
where Υ

∆
∆

∆

2
3
(3.78)

0

(3.79)

0
∆

∆

∆
(3.80)

The nonlinearity of the whole problem of constitutive equations is restricted to only
three scalar equations (Eqs. 3.77-3.79) and one tensorial equation (Eq. 3.80). Then the
updated internal state variables
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∆

∆

(3.81)

∆

where the unit normal tensor
(3.82)

∆
∆

∆
∆

(3.83)

∆
∆

∆

(3.84)
(3.85)

∆

(3.86)

∆
∆
2

(3.87)

∆
∆

1
(3.88)

2 ∆

(3.89)
Finally, check for the convergence of solution using Eqs. 3.77-3.80
3.9

Results and Discussion
A damage evolution model that incorporates separate evolving functions for

void nucleation, and growth, was implemented into the modified finite strain ISV
plasticity model (Bammann et al., 1993) to solve boundary value problems with the
finite element method using the above mentioned model integration technique. We
consider the isothermal analysis and the initially given temperature is constant
through the analysis. We also assume that the particle orientation remains constant.
The goal is to solve complex boundary value problems and to study the anisotropic
effects of void nucleation, and growth on ductile materials such as the casts A356 and
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6061 aluminum alloys. In these aluminum alloys, ductile fracture involves cracking of
brittle phase inclusions/particles in the microstructure, the growth of the micro voids
at the particle cracks, and void coalescence. However, through this study, the
numerical possibilities of the anisotropic model developed in the preceding section
will be illustrated and discussed. Some quantitative experimental data are difficult to
measure like void growth, especially the directional character of data for anisotropic
analysis. The microstructure observations provided in the following examples were
quantitative void nucleation evolution issued from a series of tension, compression,
and torsion experiments performed at different strain levels. Then, some damage
evolution will be only predictive and will complete the existent experimental
observations.
For the alloy Al-6061-T651, the experiments were performed on the
cylindrical specimens of 9 mm diameter and 12.5 mm length at the strain rate of 2 x
10-4 s-1, the specimens are from an extruded round bar. In the case of the A356
aluminum alloy, they were performed at the strain rate of 10-4 s-1. Both tests were
performed at room temperature (

= 298 K). The finite element calculations were

performed with a single 3D-element (representative volume element) in the case of
tension and compression, and a single 2D-element in plane strain for torsion (pure
simple shear).
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Table 3.1

BCJ material constants used for A356 and 6061-T651
Young modulus E
(GPa)
Poisson’s
Density (kg/m3)
C1 (MPa)
C2 (K)
C3 (MPa)
C4 (K)
C5 (1/s)
C6 (K)
C7 (1/MPa)
C8 (K)
C9(MPa)
C10 (K)
C11 (s/MPa)
C12 (K)
C13 (1/MPa)
C14 (K)
C15 (MPa)
C16 (K)
C17 (s/MPa)
C18 (K)
C19
C20 (K)

Aluminum A356
69

Aluminum 6061T6
69

0.33
2700
5.31E+01
9.45E+02
1.56E+02
1.11E+02
1.00E-05
0
8.70E-04
-1.87E+03
4.82E+03
1.09E+01
1.36E-02
2.00E+03
1.67E-05
-1000.00
2.82E+03
4.62E+00
0
235.4
-7.0
-0.38

0.33
2700
0
0
3.64E+01
6.31E+02
1.00E+00
0
3.26E+01
1.43E+03
9.37E+02
1.23E+00
1.45E-03
2.52E+02
2.07E+05
4.09E+03
5.00E+02
6.02E-02
3.91E-03
2.47E+03
-0.1
3.89E-03

A nonlinear regression algorithm that was developed in the previous Cast Light
Metals Project (cf., Horstemeyer, 2001), was used to fit the 20 plasticity model
constants for the cast A356 and Al 6061 aluminum alloys, as shown in Table 3.1.
As a first step, the damage constants for the microstructure were determined to
match the macroscale void nucleation density data. The initial nucleation density
determines the initial void nucleation volume fraction and can be initialized by the
tensor damage

0 using the averaged volume void fraction times cracked

particles. For these examples, we assume the initial damage components are all equal
to the initial porosity fi. The nucleation constants (Na, Nb, Nc, Ccoeff, m) were
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optimized to fit the nucleation density curves under different loading conditions.
Because there is no experimental data to quantify the void growth, and the other
constants damage constants (Table 3.2) were correlated to match the macroscale
stress–strain curves.
Table 3.2

Anisotropic material damage constants used for A356 and 6061-T6

Fracture toughness KIC (MPa
mm1/2)
Silicon particle size a (μm)
Silicon particle size b (μm)
Silicon particle size c (μm)
Silicon volume fraction f
Initial porosity f0
Nucleation Constant Na
Nucleation Constant Nb
Nucleation Constant Nc
Nucleation Constant Ccoeff
Particle Orientation (deg)
Void Constant va
Void Constant vb
Void Constant vc
Material Parameter for Cosine m

Aluminum
A356
17.3

Aluminum
6061T6
29

4.0
2.0
2.0
0.07
1.20E-03
61240
43000
2.1E+06
90.6
72.26
54.80
52.230
40.27
0.97

4.8
2.3
2.3
0.001
1.00E-04
611539
400
300011
75
22.69
600000
580
30000
0.96

Figure 3.6 shows a comparison of the void nucleation model to void nucleation–strain
data of cast A356 and Al 6061 from tension, compression, and torsion tests at ambient
temperature and quasi-static loading. One can observe from Figure 3.6a that the
nucleation rate for A356 cast aluminum alloy increases for compression-tensiontorsion as compared to compression-torsion-tension for wrought 6061 aluminum alloy
(see Figure 3.6b).
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Comparison of experimental void nucleation density evolutions for
different stress state with proposed plasticity and anisotropic damage
model: (a) A356 aluminum alloy, (b) 6061 aluminum alloy.
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After initial comparison of the void-crack nucleation density with
experimental data, comparisons were made of stress evolution as a function of strain
for different stress states to predict the strain to failure and the work hardening
behavior. Figure 3.7a shows that the effective stress–strain responses are in reverse
order of the void nucleation data (Figure 3.6a) indicating the direct link between the
microstructure and the work-hardening rate. For the 6061 alloy (Figure 3.6b), the
difference between the work-hardening rate in tension and compression is less
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significant but we also observe that the stress–strain response is more affected by
damage in tension than in compression. As Figure 3.7 shows, the model is able to
predict the elongation to failure with a given level of initial second phase distribution
level reasonably well for each alloy. Figures 3.8-3.9 shows the anisotropic damage
evolution as a function of effective strain for the wrought 6061 and the cast A356
aluminium alloys under different stress states. The material damage rate is higher for
the cast A356 as compared to the wrought 6061 aluminium alloy due to higher
nucleation rates. In the case of the cast A356 aluminium alloy, the damage in tension
loading is higher as compared to compression loading which is consistence with many
experimental observations (for e.g. see Horstemeyer and Gokhale, 1999). Finally, the
anisotropy of the damage evolutions shown in Figures 3.8-3.9 are a direct
consequence of the particle aspect ratio, the particle size, and the particle orientation.

0.3
0.2

φ11

φ22

φ33

φ12

22.62°

0.1

b

0.07

Material Damage (φ)

0.4

Material Damage (φ)

0.08

a

0.5

0.06

φ11

φ22

0.05

φ33

φ12

0.04
0.03

22.62°

0.02

1

1
2

2

0.01
0

0
0

0.02

0.04

0.06

0.08

0.1

0

0.12

Figure 3.8

0.2

0.4

0.6

0.8

Effective Strain

Effective Strain

Material anisotropic damage evolution of wrought 6061 aluminum
alloy based on the proposed model under: (a) tension, and (b)
compression.

86

1

1

0.75

φ11

φ22

φ33

φ12

Material Damage (φ)

Material Damage (φ)

1
72°

1
2

0.5
0.25

a

0.75

φ11

φ22

φ33

φ12

72°

1
2

0.5
0.25

b

0

0
0

0.05

0.1

0

0.15

Figure 3.9

0.05

0.1

0.15

0.2

0.25

Effective Strain

Effective Strain

Material anisotropic damage evolution of cast A356 aluminum alloy
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To quantify the effect of particle orientation, comparison studies were
performed for wrought 6061 aluminium alloys under uniaxial tension with an aspect
ratio of 0.5. Figure 3.10 shows the orientation effect on the material damage
evolution, the void-nucleation, and the void-growth for a particle orientated at 0°, 45°,
and 90°; where 90° being parallel with the loading direction. As we can see, the
material damage, nucleation and void growth rates are higher when the particle major
axis is parallel to the loading direction as compared to when the particle major axis is
perpendicular to it.
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Figure 3.10

The particle orientation effect on: (a) the material damage evolution,
(b) the void-nucleation evolution, and (c) the void-growth evolution
responses under uniaxial tension with an initial aspect ratio of 0.5
using proposed anisotropic material model for the wrought 6061
aluminum alloy.

To evaluate particle aspect ratio effects on the material damage, the voidnucleation, and the void-growth rates, parametric studies were performed with three
different types of aspect ratios: 1.5, 1.0 and 0.5, with the aspect ratio of 1.0 being a
circle in the case of two-dimension or a sphere in case of three-dimension. The aspect
ratio of 0.5 means the major axis of the particle is parallel to the loading direction and
the aspect ratio of 1.5 means the major axis is perpendicular to the loading direction.
Figure 3.11 shows the effect of particle aspect ratio on the material damage response,
the void-nucleation rate, and the void-growth rate of a wrought aluminium alloy under
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uniaxial tension. As we can see, the material damage response, nucleation and void
growth rates are higher when the aspect ratio is small and the particle major axis is
parallel to the loading direction as compared to when particle major axis is
perpendicular to it.
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The particle aspect ratio effect on: (a) the material damage evolution,
(b) the void-nucleation evolution, and (c) the void-growth evolution
responses under uniaxial tension using proposed anisotropic material
model for the wrought 6061 aluminum alloy.

Next, model comparisons were made to the measured evolution of void
nucleation density for on axis (parallel to the extrusion axis) and off axis
(perpendicular to the extrusion axis) compression as shown in Figure 3.12. The
experimental data were measured by Agarwal et al. (2002). The measured data shows,
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there are significant differences in the evolution of particle damage for the two
loading directions, i.e., the damage is anisotropic which is well represented by
proposed anisotropic damage model. The data shows that the nucleation rate is larger
for loading parallel to the extrusion direction as compared to perpendicular to the
extrusion direction, suggesting a coupling effect of particle orientation, particle size
and particle aspect ratio.
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Void nucleation density variation comparison under compressive
loading directions parallel (on axis) and perpendicular (off axis) to the
extrusion for 6061 aluminum alloy.

Conclusions
A physically motivated internal state variable theory for higher order

anisotropic damage of engineering materials was developed in the context of finite
strain deformation kinematics and thermodynamics of internal state variables. The
damage was decomposed into two main mechanisms, which are the void nucleation,
and void growth. The void-crack nucleation and void-growth was formulated based
on various material length scale parameters, such as, size, and aspect ratio. The affect
of theses microstructural features on mechanical damage and responses were
qualitatively quantified. An initial comparison with the experimentally observed
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material responses shows how the developed formulation was clearly able to capture
material anisotropy due to initial material microstructure. We also illustrate the
importance of an anisotropic response of damage on ductility by modelling the
anisotropy related to microstructural heterogeneities arising from material processing.
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CHAPTER IV
ON KINEMATIC, THERMODYNAMIC, AND KINETIC
COUPLING OF A DAMAGE THEORY FOR
POLYCRYSTALLINE MATERIAL
4.1

Abstract
In this chapter, a new consistent formulation of polycrystalline finite-strain elasto-

plasticity coupling kinematics and thermodynamics with damage using an extended
multiplicative decomposition of the deformation gradient that accounts for temperature
effects is proposed. The macroscopic deformation gradient comprises five terms: thermal
deformation associated with the thermal expansion, the deviatoric plastic deformation
attributed to the history of dislocation glide/movement, the volumetric deformation
gradient associated with dissipative volume change of the material, and the elastic or
recoverable deformation associated with the lattice rotation/stretch. Such a macroscopic
decomposition of the deformation gradient is physically motivated by the mechanisms
underlying lattice deformation, plastic flow, and evolution of damage in polycrystalline
material. It is shown that prescribing plasticity and damage evolution equations in their
physical intermediate configurations leads to physically justified evolution equations in
the current configuration. In the past, these equation have been modified in order to
represent experimentally observed behavior with regard to damage evolution, whereas in
this chapter, these modifications appear naturally through mappings by the
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m ulti pli c ati v e d e c o m p ositi o n of t h e d ef or m ati o n gr a di e nt. T h e pr es cri b e d ki n e m ati cs
c a pt ur es pr e cis el y t h e d a m a g e d ef or m ati o n ( o f a n y r a n k) a n d d o es n ot r e q uir e i ntr o d u ci n g
a fi ctiti o us u n d a m a g e d c o nfi g ur ati o n or m e c h a ni c all y e q ui v a l e nt of t h e r e al d a m a g e d
c o nfi g ur ati o n as us e d i n t h e p ast.

K e y w or ds : Ki n e m ati cs; T h er m o d y n a mi cs; D a m a g e; El asti c- pl asti c; Fi nit e-str ai n; I nt er n al
St at e V ari a bl e;
4. 2

I nt r o d u cti o n
In

ma n y

m a n uf a ct uri n g pr o c ess es, d u ctil e p ol y cr yst alli n e

m at eri als u n d er g o

d ef or m ati o ns i n v ol vi n g irr e v ersi bl e p at h- d e p e n d e nt pr o c ess es s u c h as disl o c ati o n
g e n er ati o n/ m oti o n/ a n ni hil ati o n, t e xt ur e f o r m ati o n,

v oi d

n u cl e ati o n,

gr o wt h,

and

c o al es c e n c e. T o c a pt ur e t h es e b e h a vi ors i n a c o nti n u u m m o d el, b ot h t h e ki n e m ati cs
( m ulti pli c ati v e d e c o m p ositi o n) a n d t h er m o d y n a mics of t h e st at e v ari a bl es ar e us e d t o
d es cri b e t h e

m ulti- dissi p ati o n pr o c ess es. D uri n g t h e p ast f e w d e c a d es c o nsi d er a bl e

att e nti o n h as b e e n gi v e n t o f or m ul ati n g c o nstit uti v e m o d els f or d u ctil e m at eri als usi n g
m ulti pli c ati v e d e c o m p ositi o n of t h e d ef or m ati o n gr a di e nt ( e. g. Ri c e 1 9 7 1;

M ur a k a mi,

1 9 8 8, 1 9 9 0; B a m m a n n a n d Aif a ntis, 1 9 8 9; M ari n a n d M c D o w ell, 1 9 9 6; St ei n m a n n a n d
C ar ol, 1 9 9 8; V o yi a djis a n d P ar k, 1 9 9 9; H ors t e m e y er et al., 2 0 0 0; Br ü ni g, 2 0 0 2; R e g u eri o
et al., 2 0 0 2).
T h e el asti c a n d pl asti c p arts of t h e d ef o r m ati o n gr a di e nt h a v e b e e n us e d t o
c h ar a ct eri z e t h e ki n e m ati cs of el asti c- pl asti c m at eri als at t h e n a n os c al e usi n g disl o c ati o n
m e c h a ni cs ( Bil b y et al., 1 9 5 7;

Kr ö n er,

1 9 6 0 ; St ei n m a n n a n d C ar ol, 1 9 9 8), at t h e
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m es os c al e usi n g cr yst al pl asti cit y ( M a n d el, 1 9 7 3; Ri c e, 1 9 7 6;
1 9 8 3;

R as hi d a n d

H orst e m e y er a n d

N e m at- N ass er, 1 9 9 2; Zi b b, 1 9 9 3;

As ar o, 1 9 8 3; P eir c e et al.

A na n d a n d

K ot h ari, 1 9 9 6;

M c D o w ell, 1 9 9 7; R e g u eri o et al., 2 0 0 2; P otir ni c h e a n d D a ni e wi c z,

2 0 0 3, M ari n, 2 0 0 7) a n d at t h e m a cr os c al e usi n g p ol y cr yst alli n e d ef or m ati o n ( L e e, 1 9 6 9;
B a m m a n n a n d Aif a ntis, 1 9 8 9; B a m m a n n et al., 1 9 9 3; B a m m a n n, 2 0 0 1; Br ü ni g, 2 0 0 2).
C o nti n u u m m o d els h a v e als o b e e n pr o p os e d t h at i n c or p or at e dissi p ati v e v ol u m e c h a n g es
of a m at eri al i n t h e m ulti pli c ati v e d e c o m p os iti o n usi n g a n i m pli cit r e pr es e nt ati o n ( N e m atN ass er, 1 9 7 9; M ari n a n d M c- D o w ell, 1 9 9 6) a n d a n e x pli cit r e pr es e nt ati o n ( M ur a k a mi,
1 9 8 8, 1 9 9 0; O n at a n d L e c ki e, 1 9 8 8; B a m m a n n a n d Aif a ntis, 1 9 8 9; C a n o v a et al., 1 9 9 6;
P ar k a n d V o yi a djis, 1 9 9 8). Alt h o u g h n ot as p o p ul ar as m ulti pli c ati v e d e c o m p ositi o ns,
a d diti v e d e c o m p ositi o ns f or t h e d ef or m ati o n gr a di e nt h a v e als o b e e n e m pl o y e d t o
d es cri b e el asti c- pl asti c b e h a vi or ( N e m at- N ass er, 1 9 7 9; Z bi b, 1 9 9 3;

D a vis o n, 1 9 9 5;

Ar m er o a n d G ari ki p ati, 1 9 9 6), a n d dissi p a ti v e v ol u m e c h a n g es ( Z h o u a n d Z h ai, 1 9 9 9).
T h e p ast c o nti n u u m m o d els t h at d es cri b e d d a m a g e d u e t o i nt er n al d ef e cts h a v e
t e n d e d t o b e is otr o pi c or s y m m etri c ( C ord e b oris a n d Si d or off, 1 9 7 9; L e m aitr e, 1 9 8 5;
M ur a k a mi, 1 9 8 8, 1 9 9 0; O n at a n d L e c ki e, 1 9 8 8; B a m m a n n a n d Aif a ntis, 1 9 8 9; B a m m a n n
et al. 1 9 9 3; C h a b o c h e, 1 9 9 3; Kr aj ci n o vi c, 1 9 9 6; V o yi a djis a n d P ar k, 1 9 9 9). I n t h e c as e of
t e ns ori all y s y m m etri c, a fi ctiti o us d ef or m ati o n gr a di e nt m et h o d is e m pl o y e d t o d es cri b e
d a m a g e usi n g a n eff e cti v e str ess c o n c e pt ( e q ui v al e n c e of e n er g y or e q ui v al e n c e of str ai n
c o n c e pts) ( C or d e b oris a n d Si d or off, 1 9 7 9; L e m aitr e, 1 9 8 5; C h a b o c h e, 1 9 9 3; P ar k a n d
V o yi a djis, 1 9 9 8;

V o yi a djis a n d

P ar k, 1 9 9 9) .

T h es e fi ctiti o us d a m a g e

m a p pi n g

a p pr o a c h es, w hil e q uit e v ali d f or c h ar a ct eri zi n g m at eri al i nt e grit y a n d eff e cti v e str ess es,
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are neither suited nor intended for modeling the kinematic contributions of general
damage entities.
In contrast, presented here is a kinematic decomposition where the deformation
due to internal defects appears naturally and capable of describing general isotropic or
anisotropic behavior. This theoretical framework is easily extendable to the addition of
other defects (not shown here), and can be generalized to the development of a consistent
coupled transport equations for species such as hydrogen, as well as providing a
consistent structure for modeling events at diverse length scales.
Notation
Standard notation is used throughout. Boldface symbols denote tensors the orders
of which are indicated by the context. All tensor components are written with respect to a
fixed Cartesian coordinate system, and the summation convention is used for repeated
Latin indices, unless otherwise indicated. A superposed dot indicates the material time
derivative, and a prime ‘ implies the deviatoric part of a tensor. Let a and b be vectors, A
and B second order tensors, and C a fourth order tensor; the following definitions are
used in the text (A⋅B)ij=AikBkj, A:B=AijBij, (∂A/∂B)ijkl=∂Aij/∂Bkl, (C:A)ij = CijklAkl, and
⏐A⏐= (AijAij)1/2.
4.3

Kinematics (Thermal, Plastic, Volumetric, and Elastic Deformations)
A material point with location X in the reference configuration (

) mapped

smoothly to a point x in the current configuration ( ) at time . Then the corresponding
deformation gradient is expressed as follows
(4.1)
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The finite-strain deformation gradient (see Figure 4.1), , is decomposed into a
thermal deformation,
deformation,

, associated with the thermal expansion; the deviatoric plastic

, attributed to the history of dislocation glide/movement; the volumetric

deformation gradient,

, associated with dissipative volume change of the material; and
, associated with the lattice rotation/stretch and

the elastic or recoverable deformation,
is given by

(4.2)
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Multiplicative decomposition of the deformation gradient into the thermal,
plastic, damage and elastic parts.

The elastic deformation gradient,

, describes the material point movement due

to elastic motions and can be readily related to elastic unloading. The plastic deformation
gradient,

, describes the material point movement due to the distortion caused by

dislocation movement. The thermal deformation gradient,
The volumetric deformation gradient due to damage,
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, is due to thermal variation.
, describes the material point

movement caused by dissipative volume changes of the material from nucleation, growth
and coalescences. In other words, if a void or defect is present, then enhanced dislocation
nucleation, motion, and interaction would occur compared to the case if the void or defect
were not present. As new internal free surfaces are created from the applied remote
deformation, dislocations nucleate from the voids. One can think of this volume change
related to dislocation nucleation to independently act upon void nucleation, growth, and
coalescence. As such, each independent mechanism for damage can create internal free
surfaces with dislocations independent of each other. The elastic deformation can be
unloaded from the current configuration ( ) to the intermediate configuration ( ). The
intermediate configuration ( ) is a physically obtainable configuration by unloading
elastically, while with a given damage, the configurations , , and

are not obtainable

(i.e., damage deformation is irrecoverable).
With the above deformation gradient components, we can define the following stretch
tensors,
,

,

,

(4.3)

,

and the corresponding Lagrangian strain tensors,
,

,

,
(4.4)

,
Then the total strain is obtained by pulling all back to the configuration

,
(4.5)

For most polycrystalline materials of interest, the thermal deformation gradient
associated with thermal expansion is small; as such the thermal portion of the
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deformation gradient can be given in terms of the linear coefficient of thermal expansion
and the temperature change ∆ as
1

(4.6)

∆

The Jacobian of deformation becomes
(4.7)
det

0, det

0,

1,

1

(4.8)

∆

The velocity gradient associated with the deformation gradient in the current
configuration ,

is separated into an elastic, plastic, thermal and a volumetric

part, and is given by
(4.9)

(4.10)
(4.11)
(4.12)
(4.13)
(4.14)
By Pulling back through

, the velocity gradient in the intermediate configuration

is

(4.15)
(4.16)
(4.17)
(4.18)
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(4.19)
(4.20)
(4.21)
Note that we can decompose any velocity gradient into skew and symmetric parts in any
configuration. For example
,

, and

(4.22)

, and

(4.23)

and in the intermediate configuration
,

With the derived expressions above, we can now map the velocity gradient and stress
tensor between different configurations as shown in Table 4.1.
Table 4.1

Mapping of stress tensor and velocity gradient between respective
configurations
Configuration

Stress

The time derivative of the strain tensors ( ,

Velocity
gradient

,

,

living in the intermediate

configuration
(4.24)
where
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(4.25)
(4.26)
(4.27)
(4.28)
4.4

Thermodynamics (Thermal, Plastic, Volumetric and Elastic Deformations)
In this work, a thermodynamic approach, with internal state variables to describe

the underlying irreversible processes (plastic and damage) was formulated at the
intermediate configuration

and then mapped to the current configuration .

The rate of change of internal energy or the First Law of Thermodynamics in the
intermediate configuration ,
·
̃
where ̃ is the internal energy,

̃

0

is the heat flux per unit area,

(4.29)
is the mass density, and ̃

is the heat source per unit volume. Similarly the entropy inequality or the Second Law of
Thermodynamics is
̃

·

(4.30)

· θ
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where

is the arbitrary history dissipation function related to entropy, and

is the

absolute temperature.
After Coleman and Gurtin (1967), we assume the Helmholtz free energy,

, as the

following
̃

,

The Helmholtz free energy,

(4.31)
̃

may be defined as a function of a local state, which may be

characterized by observable variables such as temperature and strain, and hidden
variables (internal state variables) such as isotropic hardening and kinematic hardening.
In case of isothermal deformation processes, the Helmholtz free energy is composed of
purely reversible stored energy and irreversible energy associated with the change in
microstructure produced by plastic deformation and damage.
Substituting Eq. 4.29 into Eq. 4.31 and using relation Eq. 4.30 results in the ClausiusDuhem inequality in the intermediate configuration

as

· θ

0

(4.32)

In the case of a small strain deformation

(4.33)
Substituting Eq. 4.33 into Eq. 4.32, we get
·
θ

(4.34)

0
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The internal state variables are introduced into the free energy to describe the
effect of “defects” such as voids, dislocations, diffusing species (i.e. hydrogen atoms) on
the energetic state of the material. In general, this will lead to an observable change in
mechanical response, but in some cases, for example energy storage of misorientations,
and energy necessary for observable recrystallization, result in changes in the stress-strain
response. The form of the internal state variable may be as important as the choice of the
defect. In the case of statically stored dislocations (SSDs), it is important to understand
that the elastic strain associated with the network of dislocations is the proper choice to
describe energy changes associated with the presence of defects. Energy stored in dipole
networks is proportional to the density of dislocations. If we assume the free energy
depends linearly upon the SSDs then the thermodynamic conjugate force is a constant. To
recover the Taylor theory of hardening requires an assumption that the free energy
depends upon the SSD density to the 3/2 power, which does not correspond to any
physical dislocation structure (Bammann, 2001). This can be resolved by introducing the
appropriate state variable associated with the presence of SSDs. Consider a dislocation in
a lattice (see Figure 4.2).

Figure 4.2

Statistically stored dislocations (SSD) provide observed hardening.
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The extra plane of atoms introduces an elastic strain field in the crystal. A scalar
representation of this strain for a Frank network is shown to be quadratic (ref. Eq. 4.38.
As we can see from Eq. 4.38, the Taylor theory is recovered by an appropriate choice of
the internal state variable. A similar approach can be taken for damage; however, the
circumstances are complicated by the fact that the effect of damage is configurational in
nature. If we consider a hole in a lattice, it is easy to visualize the dissipation associated
during growth of the void by the creation of free surface. The energy storage appears
more complicated. If there is no strain in the lattice, the presence of the void has little
effect. However, if the lattice is in a state of elastic strain (from either internal or external
sources), the effect of the void is to concentrate this elastic strain. Therefore, the damage
and the elastic strains cannot enter the free energy independently, but the form of the state
variable is also subject to some obvious physical constraints. If the elastic strain vanishes,
the free energy must go to zero (or some base state) while if the damage is zero, the free
energy reduces to the value resulting from the elastic strain alone. The first
approximation to satisfying these conditions is simply the product of the elastic strain and
the damage. So, if the damage goes to zero, we will still retain the elastic strain.
In this framework, we assume that the free energy is a function of the elastic
strain,

, the absolute temperature , the temperature gradient, θ, and a set of i number

of strain-like internal state variables,

, (where i =1 to number of internal state variables)

i.e.
(4.35)

, θ, θ,
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To model evolving internal structure during plastic deformation, the set of strain-like
internal state variables,

, are incorporated to represent the irreversible mechanism of

the inelastic material. In the present study, the description of structural changes was
incorporated with two internal state variables that represent the internal elastic strain field
induced by the presence of dislocations created by the applied deformation. These state
variables are denoted here as ε , a scalar variable representing lattice deformation due to
the presence of statistically stored dislocations, and , a symmetric deviatoric tensorial
variable representing incompatible lattice curvature due to presence of geometrically
necessary dislocations (GNDs) at grain boundaries and around second phase particles. In
this context, ε , represents induced non-directional (isotropic) hardening, while , gives
the direction dependent (kinematic) hardening effects. In the case of a material with
initial damage (voids), its strongly believed that the states of elastic strain (from either
internal or external sources) are affected by the elastic strain concentrated by the void.
Thus, assuming
(4.36)

ε,

(4.37)

, ε , , θ, θ
where

is elastic strain – damage state variable, also

is related to damage variable

defined later in the text. Notice that the free energy is a function of elastic strain-like
internal variables and thermal internal energy variables. We view the plastic deformation
as the motion of dislocations and the state of the material as a freeze-frame of the
deformed state, which is represented by the elastic lattice deformation due to the presence
of both SSDs and GNDs and due to the external loading.
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In the above free energy Eq. 4.37, we relate this strain-like internal variable, ε , to
the density of statistically-stored dislocations ρ . In an increment of strain, dislocations
are stored inversely proportional to the mean free path, which in a Taylor lattice is
inversely proportional to the square root of dislocation density. Dislocations are
annihilated or “recovered” due to cross slip or climb in a manner proportional to the
dislocation density. Following the Taylor assumption (Bammann, 2001), the lattice
deformation due to the presence of statistically stored dislocations, ε can be defined as
ε

(4.38)

b ρ

where b is the magnitude of the Burger’s vector (see Figure 4.2)
Assuming energy is quadratic in elastic strains for SSDs
ε
where

(4.39)

ε

is the temperature dependent shear modulus. Therefore the thermodynamic force

conjugate associated with the internal state variable related to SSDs can be defined as:
̃

ε

(4.40)

b ρ

The rate form of Eq. 4.37
·ε

·θ

· θ
(4.41)

C
By substituting Eq.4.41 into Eq.4.31 & Eq. 4.34 and rearranging we get
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C

·
·ε

θ

· θ

·
(4.42)

0

Because the increasing strong interaction between these individual dislocation strain
fields and those of neighboring dislocations impedes further dislocation motion (material
hardening), one could phenomenologically associate ε , and , with hardening variables.
The stress-like internal state variables work-conjugate to ε and

are

,
̃

(4.43)

Following classical arguments of (Coleman and Noll, 1964; Kratochvil and Dillon, 1969)
,

(4.44)
(4.45)
(4.46)

0
The dissipation inequality then reads as
C
· θ

̃ ·ε
(4.47)

0
C

̃ ·ε

· θ

0

(4.48)

The first term in Eq. 4.48 represents the plastic work rate due to irreversible dislocation
motion, the second term represents the dissipative work rate due to damage, the third
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term gives the stored work associated with the field of the residual stresses which
accompanies the increase in defect density, and the last terms appears due to thermal
deformation. The Helmoltz free energy (in a complete form including Eq. 4.39) for small
elastic and internal strains in a quadratic form to describe the thermodynamic state of the
material is,
ε
(4.49)
where
(4.50)

2

(4.51)

2
Then the rate form
2

2

2

(4.52)

2

In the case of linearized elasticity, we push-forward Eq. 4.52 into the current
configuration
2

2

2

(4.53)

2
We know that
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(4.54)
In the rate form
(4.55)
(4.56)
Typically in metals, the elastic strains are orders of magnitude less than plastic strains in
well-developed plastic flow. The small elastic strain assumption is introduced through
as
,

(4.57)

1

(4.58)
Any second rank tensor must satisfy the following condition based on Cayley-Hamilton’s
theorem (Regueiro et al., 2002), which states, for a second rank tensor A
0

(4.59)

, for linearized elasticity we get

In the above Eq. 4.49, substituting

(4.60)

1
Substituting Eq. 4.60 into Eq. 4.56, we get

(4.61)
Substituting Eq. 4.61 into Eq. 4.53 and rearranging we get

2

2

2

(4.62)

2
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4.5

Isotropic Damage
The development of the continuum damage mechanics began with the

introduction of a scalar damage variable (Kachanov, 1958), which represents the
degradation of strength in a one-dimensional tensile bar due to creep. The idea to
describe material degradation with damage variables of different order has led to the
appearance of many mathematical formulations for these variables. We briefly mention
here only some of the damage models with scalar variables (e.g. Kachanov, 1958;
Lemaitre, 1985; Bhattacharya and Ellingwood, 1998)
Consider a uniform bar subjected to a uniaxial tensile stress, , as shown in
Figure 4.3. The cross-sectional area of the bar in the stressed configuration is A. The
uniaxial tensile stress acting on the bar is easily expressed using the formula
(4.63)
In order to use the principles of continuum damage mechanics, the following expression
for the effective uniaxial stress , (Kachanov, 1958; and Rabotnov, 1968) is derived such
that:
(4.64)
where the damage is defined as a loss of cross sectional or therefore a decrease of load
carrying capacity.
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n

Figure 4.3

A square bar subjected to uniaxial tension.

For Hookean elasticity, from Eqs. 4.63 and 4.64 we get
(4.65)

1

Therefore, damage tends to degrade the elastic moduli. A more detailed three
dimensional approximation has been derived by Budiansky and O’Connell (1976) using
self-consistent techniques. They found that the elastic moduli were degraded according to
(4.66)

2
where the coefficient
the dependence of

and
1

where

,

, and

is the bulk modulus and
on

is the shear modulus. Expressions for

can be obtained as

,

1

(4.67)

are the values of the moduli for an undamaged

material. Damage, , can be defined as the ratio of the change in volume of an element in
the elastically unloaded state ( ) from its volume in the initial reference state to its
volume in the elastically unloaded state,
(4.68)
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where

, is the initial volume in the reference configuration,

the intermediate configurations, and

, is the total volume in

is the added volume due to voids.

From this definition, we get
(4.69)
(4.70)
Similarly, a relationship between the effective stress tensor,
tensor,

, and the nominal stress

, for the case of isotropic damage (i.e. scalar damage variable) can be written as

follows from Eqs. 4.63 and 4.64:
(4.71)
We know
(4.72)

1
In the rate form

(4.73)
In case of linearized elasticity with isotropic damage, substitute Eqs. 4.72 and 4.73 into
Eq. 4.62 and we get
2

1
1

2

1
2

1
(4.74)

We know that for linearized elasticity
2

(4.75)

1
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Taking a trace of Eq.4.75, we get
(4.76)

1

3
In the rate form
3

1

3

1
(4.77)

Equations 4.74 and 4.77 show not only the degradation of elastic moduli, but the stress is
naturally concentrated by the damage in a manner consistent with that proposed by
Kachanov (1958). This generally requires an independent ad hoc constitutive assumption
in previous theories (ref Section 4.6).
4.6

Kinematic Description of Damage using the Fictitious Configuration Based
on the Effective Stress Concept
The kinematics of finite elastic-damage deformation based on the fictitious

effective concept is shown in Figure 4.4 (also ref to: Cordeboris and Sidoroff, 1979;
Lemaitre, 1985; Chaboche, 1993; Park and Voyiadjis, 1998; Voyiadjis and Park, 1999)
for an isothermal elastically damage material state. In this concept, the initial undeformed
configuration that consists of the initial material damage is denoted by
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.

Figure 4.4

A schematic of the kinematic of finite elastic-damage deformation using
fictitious configuration based on the effective stress concept.

The current configuration

represents the final elastically deformed and damaged

configuration of the body after being subjected to a set of external stimuli. The reference
undergoes a sequence of deformations starting with an elastic

configuration

deformation without damage

, followed by a damage deformation. The configuration

represents the initial configuration of the body that is obtained by fictitiously
removing the initial damage from the

configuration. If the initial configuration is

undamaged consequently there is no difference between configurations
Similarly, the configuration

and

is obtained by fictitiously removing the damage from

configuration . The deformation gradient referred to the undeformed configuration,
denoted by

.

is decomposed into the elastic deformation gradient denoted by

damage deformation gradient denoted by

,

and the

. In the case of the fictitious effective

concept, the total deformation gradient is decomposed into
(4.78)
where

and

respectively, and

are the fictitious effective initial and final damage deformation gradients
is the fictitious effective elastic deformation gradient.
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In the fictitious effective concept, the Green deformation tensor cannot be
and

expressed in the classical way, because the two effective configurations

are

obtained fictitiously by removing damage from the two real configurations, therefore the
Green deformation tensor in the fictitious effective concept is define as follows
(4.79)
The Lagrangian damage strain tensor measured with respect to the fictitious
configuration

is given by

(4.80)
and the corresponding Lagrangian effective elastic strain tensor measured with respect to
the fictitious configuration

is given by
(4.81)

The total effective Lagrangian stress tensor in the reference configuration

is therefore

expressed as follows
(4.82)
where

is the Lagrangian initial damage strain tensor,

is the measure of the Lagrangian elastic strain with respect to the current configuration,
and

is the measure of the Lagrangian final damage strain with

respect to the current configuration. The Jacobian of the damage deformation based on
the fictitious effective concept can be written as follows
(4.83)
Thus one can assume the following relationship without loss of generality
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(4.84)
Then quadratic form for the Helmoltz free energy in the current configuration is to
describe the thermodynamic state of the material as
(4.85)
where

is the fourth rank effective stiffness of the material, which is defined as follows:
(4.86)

where

is a fourth-order linear transformation tensor (the effective damage

tensor) which is a function of the material damage state and can be defined as
(4.87)
In the case of a scalar isotropic damage, Eq. 4.86 reduced to
(4.88)

1
Also we know that

(4.89)

1

The above equation is consistent with Eq. 4.75. The Eq. 4.75 was derived using the
proposed theory of the multiplicative decomposition of the deformation gradient. This
suggests that the use of the proposed theory is consistent with not only the physics of
damage but coupling of the material damage due to the internal defects with plasticity.
The advantage of the proposed theory is to avoid the ad hoc removing of damage
fictitiously and adding it back. The effective stress concept, which shows consistent
behavior in case of isotropic damage when compared to the proposed theory but may
differ in the case of higher order damage. Also in the proposed theory, in addition to the
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degradation of elastic moduli, the stress in the flow rule is naturally concentrated by the
damage in a manner consistent with that proposed by Kachanov (1958). This generally
requires an independent ad hoc constituent assumption in the previous theory.
4.7

Conclusion
In this chapter, we were able to present a theory that is consistent in not only

representing the material damage but also modeling the material damage due to the
internal defects. We believe this new consistent formulation of polycrystalline finitestrain elastio-plasticity coupling kinematics and thermodynamics with damage using an
extended multiplicative decomposition of the deformation gradient that accounts for
temperature effects will help in modeling deformation due to complex combination of
mechanisms, such as thermally-activated dislocation motion and generation, dislocation
annihilation, dislocation drag, texture, void nucleation, growth, and coalescence. We
showed that such a macroscopic decomposition of the deformation gradient is physically
motivated by the mechanisms underlying lattice deformation, plastic flow, and evolution
of damage at voids in polycrystalline material. Finally, we justified that prescribing
plasticity and damage evolution equations in their physical intermediate configurations
leads to physically justified evolution equations in the current configuration. In the past,
these equations have been modified in order to represent experimentally observed
behavior with regard to damage evolution, whereas in this chapter, these modifications
appear naturally through mappings by the multiplicative decomposition of the
deformation gradient. The prescribed kinematics captures precisely the damage
deformation (of any rank) and does not require introducing a fictitious undamaged
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configuration or mechanically equivalent of the real damaged configuration as used in
past.
This theoretical framework presented here is easily extendable to the addition of
other defects (not shown here), and can be generalized to the development of consistent
coupled transport equations for species such as hydrogen, as well as providing a
consistent structure for modeling events at diverse length scales.
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CHAPTER V
SUMMARY AND FUTURE WORK
5.1

Summary
Many experiments demonstrate that isotropic ductile materials used in

engineering applications develop anisotropic damage and shows significant variation in
elongation to failure. This anisotropic damage is manifest by material microstructural
heterogeneities and morphological changes during deformation. The variation in
elongation to failure could be attributed to the uncertainties in the material microstructure
and loading conditions. We studied this deformation anisotropy induced by material
heterogeneities and related uncertainties, by performing uncertainty analysis on current
state of an internal state variable plasticity and isotropic damage model (see Chapter II).
During the uncertainty analysis procedure we quantified the effect due to variations in
material microstructure and loading conditions on elongation to failure. More specifically
we shown that the initial variation in the microstructure clustering lead to about ±7.0%,
±8.1%, and ±9.75% variation in the elongation to failure strain for torsion, tensile, and
compressive loading respectively. We also extend the current isotropic damage form into
an anisotropic damage form for ductile material in which material heterogeneities were
introduced based on damage distribution functions converted into a damage tensor of
second rank. That resulted in a new physically motivated, uncertainty-based, anisotropic
damage constitutive model that links microstructural features to mechanical properties.
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This was accomplished by pursuing three sub goals: (1) develop and quantified
uncertainty related to material heterogeneities, (2) developed a methodology related to a
higher order tensorial rank of damage for void nucleation and void growth, and (3)
integrated thermodynamically constrained damage with a rate dependent plasticity
constitutive material model.
We also proposed and presented a new theory that is consistent in not only
representing the material damage but also modeling the material damage due to the
internal defects. This theoretical framework presented here is easily extendable to the
addition of other defects (not shown here), and can be generalized to the development of
consistent coupled transport equations for species such as hydrogen, as well as providing
a consistent structure for modeling events at diverse length scales.
5.2

Future Work
The theory and the model developed here gives a basic framework which is easily

extendable to the addition of other defects, and can be generalized to the development of
consistent coupled transport equations for species such as hydrogen, as well as providing
a consistent structure for modeling events at diverse length scales. I believe the proposed
theory and model can be enhanced by following:
•

The anisotropy damage material model developed here needs to be further
enhanced by modeling deformation induced anisotropy to study the underlying
mechanics related to the void nucleation, and void growth with texture effects,
more specifically associated material rotation.
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•

A physical representation of the deformation gradient related to the anisotropy of
damage is required. Presently an ad hoc approach of effective stress concept is
used, in which the damage deformation gradient form is chosen for mathematical
convenience but suffers from lack of physical significance, particularly when the
material experiences finite deformation

•

A non-local form of void-coalescence is needed. A non local form of void
coalescence should be evolve with its gradient and has to be physically motivated.

•

A detail uncertainty analysis of the proposed anisotropic damage model needs to
be performed to study initial microstructural variabilities on the material
anisotropy damage response.
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